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Introduction

The study of Galois actions on points of finite order on elliptic curves over number fields constitutes
a fundamental aspect of arithmetic geometry. Given an elliptic curve E/K over a number field K,
the absolute Galois group G = Gal(K/K) acts on the torsion subgroup E[tors] (for example,
via (z,y)? = (z7,y7)). For any positive integer n, one obtains the mod - n representation pg p :
Gk — Aut(E[n]). By passing to the inverse limit on n, the group Aut E[tors] comprising of all
automorphisms of the torsion points of F is obtained, and a continuous homomorphism p, : G —
Aut(E[tors]) is established. Serre in his paper “Propriétés galoisiennes des points d’ordre fini des
courbes elliptiques” [1] shows that for an elliptic curve without complex multiplication (CM) the
group poo(Gr) is open in GLo(Z).

If one were to rephrase this and let ¢ be any prime in the set of primes P, and let E[¢*°] =
lim E[¢"], then one has

Eltors] = @ E[¢>]

LepP

and
Aut Eftors] = H Aut E[¢>] = H GL2(Zy).
teP teP

Serre’s open image theorem then states that for elliptic curves without CM, py : Gx — GLo(Fy)
is surjective for all but finitely many ¢ € P. This is to say that the degree of its £ division fields
K(E(]) is “as large as possible”, i.e., [K(E[{]) : K] = (¢> —1)(¢2 —¢). This is in contrast with the
CM case, where if F is a an elliptic curve with CM over a quadratic field K, then one can show
that the image of ps(G) is abelian in AutT;. For more details, see [1] §4.5.

The proof heavily relies on the theory established in Serre’s antecedent work, “Abelian ¢-adic
Representations” [2]. A key component of this proof is the criterion for irreducibility of non-CM
elliptic curves (see [2] Theorem IV 2.2), which states that for almost all prime numbers ¢, E[(] is
an irreducible G-module. Further, under the assumption that the j-invariant is not an integer in
K, Serre proceeds to prove that po(Gx) = GLa(F) for almost all £ (see [2] IV 3.2). He then raises
the question of whether one could substitute the condition “j is non-integral” with the weaker
requirement that FE possesses no CM, which is the principal outcome in [1].

Serre’s proof is a proof by contradiction and is not exactly constructive. Hence, identifying
examples of surjective po, is not straightforward. In the same paper, Serre shows that if K = Q,
then in fact, poo(Gg) # GL2 (Z) for any elliptic curve E over Q. In partial answer to that question,
Zywina in [3] shows that “most” elliptic curves do have surjective pg when K # Q. Zywina’s
proof involves a very different approach from Serre’s — using large sieve methods, one can sieve
out certain elliptic curves modulo specific primes and obtain the result.

Chapters 1 and 2 provide technical background and theory behind Serre’s proof in [1], Chapter
3 provides a brief overview of the proof along with some explicit examples, and 4 delves into
Zywina’s methods and proof behind pg , being surjective for all ¢ for “most” curves.

Lastly, I would like to thank Prof. Jack Thorne for his constructive feedback that has helped
improve this exposition.



1. Background

In this chapter, we introduce elliptic curves and provide some important results about them,
primarily drawn from [4], [5]. We then introduce the notion of ¢-adic representations and define
rational and compatible systems of the same. Lastly, we make some remarks on Class Field
Theory with further references. Throughout this chapter, and for the rest of this essay, £ and p
shall denote primes.

1.1 Elliptic curves and Tate modules

An elliptic curve E over a field K is a non-singular, smooth, projective, algebraic curve of genus
one, on which there is a specified point Og at infinity, defined by a Weierstrass equation

y2 + a1y +asy = x>+ a2x2 + asx + ag.

The points E(K) naturally form a geometrically defined group structure, with the point at infinity
Og as the identity element.

An endomorphism of E is a morphism from FE to itself that fixes Og. For every integer n,
multiplication by n on E yields an endomorphism of E, denoted by [n]. E[n] denotes the kernel
of the endomorphism [n]. If n # 0, then the endomorphism [n] is nonzero and has degree n?.
When n is prime to the characteristic of K, the kernel of [n] is isomorphic to (Z/nZ)? (See [4]
Proposition II1.4.2 and Corollary 111.6.4).

Denote Endg(E) to be the ring of endomorphisms of an elliptic curve E over K. From
the previous paragraph, it is evident that Z — Endg(FE). Usually, the story ends there and
Endg(E) = Z, but if K = C, then certain elliptic curves have endomorphism rings that are
larger than just Z. In fact, these rings are isomorphic to an order O in a totally imaginary
quadratic extension (see [4] A.C Proposition 11.1.1 or [5] IL.§1.) and elliptic curves with these
larger endomorphism rings are called elliptic curves with complexr multiplication.

In particular, if K has characteristic p > 0 (not necessarily finite), then the two aforementioned
objects E[p] and End(E) are intertwined by the following theorem.

Theorem 1.1. Let K be a field of characteristic p. For integer v > 1, let
¢ E— E” and ¢,:E" — E
be the p"-power Frobemius map and its dual.
(i) Then the following are equivalent:
(a) E[p"] =0 for oner > 1.
(b) The map [p] : E — E is purely inseparable and j(E) € F,
(¢) End(E) is an order in a quarternion algebra.

(i) If the conditions in (i) do not hold, then

(a) E[p"| =Z/p"Z for allr > 1
(b) If j(E) € Fp, then End(E) is an order of a quadratic imaginary field.



Proof. See [4] Chapter V Theorem 3.1. O

Definition 1.1. If F satisfies condition in (i), it is said to be supersingular. If E satisfies conditions
from (ii), it is said to be ordinary.

For any prime ¢ (and its powers), E[{] enables us to define further interesting objects.

Definition 1.2. Let ¢ be a rational prime. Define the ¢-adic Tate Module to be

Ty(E) = lim E[6"]

the inverse limit with respect to the maps ¢ : E[¢"*1] — E[("]. If char K # {, then Ty(E) = ZyxZy
as a Zg-module. If p = char K, then T,(E) = {0} or Z, (see [4] IIL.7 Proposition 7.1). Let
Gk = Gal(K/K). The action of G on each E[{"] commutes with the multiplication-by-¢ map
used to form the inverse limit, so Gk also acts on T;(E). Further, since the profinite group
G acts continuously on each finite (discrete) group E[¢"], the resulting action on T;(E) is also
continuous.

Definition 1.3. For an ¢-adic Tate module Ty, define

1
Ve =1, b} =Ty ®z, Qs

Ty is a free Z,-module of rank 2 while V is a Qg-vector space of dimension 2. GLT} is isomorphic
to GLa(Zy), while GLV} is isomorphic to GLa(Qy).

Definition 1.4. The (-adic representation (of G associated to E) is the homomorphism

P Gx — GLT, c GLV,

induced by the action of Gx on the £"-torsion points of F.

1.2 Elliptic curves over Local Fields

In this section, let K be a local field, in particular K = Q,, for some prime p. Let the valuation
ring of K be denoted as O = {z € K : v(xz) > 0} U {0} and its units be denoted as O = {z €
K : v(z) = 0}. Let p be the unique maximal ideal of K, 7 the generator of p, k = O /p the
residue field of K.

Definition 1.5. A Weierstrass equation of an elliptic curve E over a K with aq,...,a6 € K
is integral is ay,...,a5 € Ok. It is minimal if v(A) is minimal among all integral Weierstrass
equations of F/, where A denotes the discriminant of E.

The reduction E of E is the curve defined over the residue field & by the Weierstrass equation
2, -~ -3~ 2 - ~
Y-+ a1xy +asy = x° + ax” + aqsr + ag

where the a;’s are the coeﬁicientg of a minimal Weierstrass equation for E and a; denotes the
image of a; in k. The reduction FE is independent up to isomorphism of the particular minimal
equation chosen for E ([4] Proposition VIL.1.3(b)).

Definition 1.6. Let E/K be an elliptic curve, and let E be the reduction modulo p of a minimal
Weierstrass equation for E.

(i) E has good (or stable) reduction if E is nonsingular.
(ii) E has multiplicative (or semistable) reduction if E has a node.

(iii) E has additive (or unstable) reduction if E has a cusp.



In cases (ii) and (iii) we say that E has bad reduction. A curve F is said to be semistable if it has
multiplicative reduction at every bad prime. If E has multiplicative reduction, then the reduction
is said to be split if the slopes of the tangent lines at the node are in k, and otherwise it is said to
be nonsplit.

The next proposition explains how reduction type behaves under field extensions.
Theorem 1.2 (Semistable reduction theorem). Let E/K be an elliptic curve.

(i) Let K'/K be an unramified extension. Then the reduction type of E over K (good, multi-
plicative, or additive) is the same as the reduction type of E over K'.

(i) Let K'/K be a finite extension. If E has either good or multiplicative reduction over K,
then it has the same reduction type over K'.

(ii1) There exists a finite extension K'/K such that E has either good or (split) multiplicative
reduction over K’

Proof. See [4] VIL5. Proposition 5.4. O

1.3 /-adic representations

In this section, let K be a number field and let Y denote the set of all finite places of K. Let k,
denote the residue field of K with respect to a valuation v, € X, let p be its characteristic and
N(p) = pdee(®) be its cardinality, where deg(p) is the degree of the extension of k, over IF,. The
ramification index e, of p is vy (p).

Let L/K be a Galois extension and P € Xp,.

Definition 1.7. The decomposition group Dy is the set of all o € Gal(L/K) such that o () = .

As the restriction of vy to K is an integral multiple of an element v, € Xk, we abuse language
and say p is the restriction of P in K and denote it as P | p (“P divides p”). Denote Ly and
K, to be the completion of L and K with respect to vy and v, respectively. There is a surjective
map

res : Gal(Lyp/Kp) — Gal(ly/kp)
the kernel of which is called the inertia subgroup Ig.
Definition 1.8. The valuation corresponding to B is called unramified if Iy = {1}.

Definition 1.9. The quotient Dy /Iy is a finite cyclic group generated by the Frobenius element
Frobg.

For more details on the aforementioned groups, the reader may refer to [6] 1.§7. We now apply
these definitions to the f-adic representations introduced in §1.1, following closely 1.§2 from [2].
Prior to that, we remark that the definition of /-adic representation introduced in §1.1 is a specific
example of a slightly more general definition given below.

Definition 1.10. Let ¢ be a prime number and V a finite-dimensional vector space over Q, of
l-adic numbers. An (-adic representation of a group G is a continuous homomorphism p : G —

Aut(V).

Definition 1.11. let p : Gx — Aut(V) be an f-adic representation and p € Y. We say p is
unramified at p if p(Ip) = {1} for any P € X5 extending p. If A is a set on which G acts, A is
unramified at p if the action of Iy on A for some P extending p is trivial.

Proposition 1.3. Let E/K be an elliptic curve such that the reduced curve E/K 18 non-singular.
If n is an integer relatively prime to char(k), then E[n] is unramified at p.

Proof. See [4] VII.4 Proposition 4.1. O



A converse to this statement also holds, proven by Néron, Ogg and Shafarevich, which char-
acterises the non-singularity of E/k in terms of the action of the inertia group on the torsion
points.

Theorem 1.4 (Criterion of Néron-Ogg-Shafaverich). Let E/K be an elliptic curve. Then the
following are equivalent:

(i) E has good reduction at K.
(i) E[n] is unramfied at all p for all integers n > 1 that are relatively prime to char(k).

(iii) E[n] is unramified at p for infinitely many integers n > 1 that are relatively prime to char(k)
(iv) The Tate module Ty(E) is unramified at p.

Proof. See [4] VIL.7 Theorem 7.1. O

There is another Theorem by Shafaverich, that has some important corollaries, in particular
that the action of Gk on E[{] is irreducible.

Theorem 1.5 (Shafaverich). Fiz an elliptic curve E/K. Then there are only finitely many elliptic
curves E/K that are K-isogenous to E.

Proof. See [4] Chapter IX, §6.1. Corollary 6.2. O

Using this, we can deduce an important corollary, which was one of the main theorems of Serre
in [2]. We follow the proof given in [4] Chapter IX Corollary 6.2.

Theorem 1.6. Let E/K be an elliptic curve with no complex multiplication. Then for all but
finitely many primes £, the group of L-torsion points E[f] has no nontrivial G i -invariant subgroups.
In other words, the representation of Gk on E[{] is irreducible for almost all primes £.

Proof. Suppose H, C E[{] is a non-trivial G k-invariant subgroup of E[¢]. As E[{] = (Z/{Z)?, H,
is necessarily cyclic of order £. Using the fact that for an elliptic curve E’ and a finite subgroup
H C E’ there is a unique elliptic curve E” and a separable isogeny ¢ : E/ — E’ satisfying
ker(¢) = H (see [4] I11.4.12 for this claim), one can obtain an elliptic curve Ey/K and an isogeny
¢¢ : E — E; with kernel ker(¢y) = Hy. The Galois invariance of Hy ensures that the curve Fy
and ¢, are defined over K. As each E; is K-isogenous to E, Theorem 1.5 says that F, will fall
into finitely many K-isomorphism classes. Suppose E;, & E, for two primes £ and ¢/. Then, the
composition

EXSE ~E, 2 E

defines an endomorphism of E of degree (deg ¢y)(deg (bAg/) = (¢'. As by assumption E has no
complex multiplication, every endomorphism of E has degree n? for some n € Z. This shows that
¢=1" and so E; 2 Ey for £ # ¢'. Therefore, there are only finitely many primes ¢ for which such
a subgroup H and a curve E, can exist.

O

Remark 1. Theorem 1.6 is equivalent to the fact that V; is irreducible for all primes £.

Now, if p € X is unramified with respect to p, then p(Iy) = {1} for any extension 3 over p,
and the restriction of p to Dy C G factors through Dy /Iyps. As Dyy/Iy is generated by Frobg,
p(Froby) € Aut(Ty(E)) is defined. Call this the Frobenius of B in the representation p, and denote
it as Froby ,. The conjugacy class of Frobg , in Aut(7;(E)) only depends on p, so we may denote
it as Froby, ,. Then, for an unramified p, let P, ,(T') denote the polynomial det(1 — Frobg ,T).

Definition 1.12. An /-adic representation of K is said to be rational (resp, integral) if there
exists a finite set S C Xk such that

(i) Any element of X — S is unramified with respect to p.

(ii) if p ¢ Xk, then the coefficients of P, , lie in Q (resp. in Z).



The ¢-adic representation p : Gx — Aut(Ty(E)) is rational. Now, we define compatible systems
of f-adic representations, a key ingredient in Serre’s proof.

Definition 1.13. Let £ and ¢ be distinct primes and let p be a f-adic representation of K
and p’ be a {’-adic representation of K. Assume p,p’ are rational. Then, p,p’ are said to be
compatible if there exists a finite subset S of X such that p and p’ are unramified outside S and
Py o(T)=Py y(T) forallpe g — S.

Definition 1.14. If p : Gx — Aut(V) is a rational ¢-adic representation of K, then V has a
composition series
V=¥oVi>...0V,.=0

of p-invariant subspaces with V;/V; 41 (0 < ¢ <r—1) irreducible (or simple). The ¢-adic represen-
tation p*¢ of K defined by V' = Z;:—Ol Vi/Viy1 is semi-simple, rational and compatible with p. p®*
shall be called the semi-simplification of V. In particular, for a 2-dimensional representation p,
if p is irreducible, then p*® = p. Otherwise, if p is reducible, then there is a subspace on which p
P *

0 o ) The semisimplification p*® is then given
2

acts via a character, so p can be expressed as (

0
by the matrix (901 )
Y 0 ¢
Serre’s proof is a proof by contradiction. It entails constructing two sets of compatible, rational,
semi-simple f-adic representations. The subsequent theorem implies that both the constructed
sets ought to be the same, that Serre then uses to arrive at a contradiction. The theorem goes as
follows.

Theorem 1.7. Let p be an (-adic representation of K, and let £ be another prime. Then, there
exists up to isomorphism, at most one £'-adic rational representation p' of K which is semi-simple
and compatible with p.

Proof. See [1] Chapter I, I-10 Theorem. O

Next, we state an important density theorem, the Chebotarev density theorem that is utilized
in the proof of the theorem above, and in proofs to come.

Theorem 1.8 (Chebotarev Density Theorem). Let L/K be a finite Galois extension of a number
field K, with Galois group Gal(L/K). Let X be a subset of Gal(L/K), stable under conjugation.
Let Px be the set of places p € X, unramified in L, such that the Frobenius class Frob, is
contained in X. Then Px has density equal to Card(X)/ Card(Gal(L/K)).

Proof. See [2] 1.2.3 Theorem. O

1.4 Class Field Theory

In this section, let ¥ denote the set of finite places of a number field K and let £% denote the
set of archimedean absolute values of K. Set Y := Yx UX%. Let p be a prime of K, finite or
infinite. Then K, the completion of K with respect to p, is either a p-adic field for some prime p,
R or C. Let my denote the maximal ideal of Kiz. Let &y, denote the residue field of K with respect
to p. Let S be a finite subset of ¥x. Then, a modulus of support S is a family m = (my)pes
where m,, are integers greater than 1.

Definition 1.15. The group Ii of idéles is the topological group
res
H (K, Ok,) = {(2p) 1 2y € O, for all but finitely many p € Yk} C HKP,
pPEXK
where, O, = K, if p is infinite. It is endowed with a topology that decrees that the subgroup
(with respect to the product topology)

[I &> 1T ox,

peEXR peEXK



is open.

Clearly, K* can be embedded into Ix be sending a € K* into the idele (a,) where a, = a for
all p. The idéle class group is the quotient group C := I /K*.
For a modulus m = [], p™, write

OIX(‘J if p is finite, rp, =0
1+ p7 if p is finite, 7, > 0
U =< RX=K) ifpisreal, vy =0

Rt C K, ifpisreal, rp=1
C* =K, if pis complex,

For any modulus m, write « =1 mod m if ay =1 mod p"» for all p.
Definition 1.16. Ix(m) ={a €Ix : o =1 mod m}
Then, Tg (m) =[], Uy’ Clg.
Definition 1.17. Cx(m) =[x (m)K>*/K* C Ck is the congruence subgroup modulo m.

Definition 1.18. The quotient Cy, = Cx/Cx(m) = Ix/K*Ix(m) is called the ray class group
modulo m.

Theorem 1.9. There is an exact sequence
1— KX /Ig(m)NK* — I /Ig(m) — Cpy — 1. (1.1)
Furthermore, Cy, is a finite group.

Proof. See [7] Theorem Chapter V Theorem 1.7. O

The reason one studies these ray class groups modulo m is to use it to understand statements
from global Class Field theory. From the Artin Reciprocity Theorem (see [7] Chapter V Theorem
3.5, 3.6, 5.3), for any number field K, the Artin Map

Bp : I — Gal(K/K)
is surjective and gives is a canonical isomorphism

lim G = Gal(K™/K). (1.2)

Let oo denote the set of infinite primes of K and let K ;r denote the connected component of K.
Clearly, [T~ K, C Ker(¢r). By definition, K* C Ker(¢x ), and so KX‘(HMOC K;‘) C Ker(¢g).
But ¢ is a continuous homomorphism and Gal(K*’/K) is Hausdorff (under the Krull topology),
and so the kernel is a closed subgroup. Thus, Ker(¢ ) contains the closure of K* - <leoo KJ)

It is a theorem that this is precisely the kernel. The image of the closure of K* - (Hp‘oo K;‘ ) in
Ck 1is the connected component of C' containing 1.

For every finite abelian extension L of K, the Artin map defines and isomorphism Cx / N(Cp) —
Gal(L/K), where N is the norm map. When we pass to the inverse limit over L, we get an isomor-
phism with Gal(K?/K) on the right. For now, we shall call the kernel of this isomorphism D.
This group shall be used in Section 2.1 to construct a compatible system of ¢-adic representations.
For more details on local Class Field Theory and the claims above, see [7].



2. Preliminaries for Serre’s Proof

The goal of this chapter is to set the groundwork before we delve into Serre’s proof. First, we
construct a commutative set Sy, that allows us to construct a system of abelian /-adic representa-
tions. Then, we go on a bit of a detour and classify the subgroups of GLy(F),). Lastly, we describe
the tame inertia groups and its characters.

2.1 Construction of Sy,

The purpose of this section is to construct a projective family (Sy,) of commutative algebraic groups
over Q. In order to construct such a group, one must first look at an algebraic construction called
the Weil restriction (or the “restriction of scalars”). The section introducing Weil restrictions
largely follows from [8] Chapter 4, §4.6., while the section on constructing Sy, follows from [2]
Chapter II.

The motivation behind Weil restrictions is that for a field extension L/K and a L-variety X,
one can find a canonical way of obtaining a K-variety, say Ry x(X) that “behaves the same way”
over K as X does over L. More specifically, if L is a number field and X is a L-variety, then one
can use the Weil restriction to work over the field of rationals instead of L. Further, if X is an
algebraic group, then Ry, x(X) has the structure of an algebraic K-group.

Before stating the definitions, it might be insightful to look at an example first.

Example 1. Let C/R be the field extension and let G,, := C[X, X ~!] be the multiplicative group
over C (equivalently, G, = C[X, X '] = C[X][X 1] = C[X1, X2]/(X1 X2 — 1) =2 A1\{0}). Using
{1,i} as a basis for C/R, one can write X; = V; + Vo and Xo = V3 +iV,. Then, X; X5 — 1
simplifies to the following to relations

ViVa+WV3 =0
ViV =WV =1

Then, the Weil restriction Rc/r(G,y,) is given by

R[XlaX27X3aX4]
(X1 X1 + XoX3) (X1 X5 — XoXq— 1)

R(C/]R(Gm) =

Later, we will show this is actually a torus isomorphic to C*.

Definition 2.1. Let L/K be a field extension and let X be a L-variety. The Weil restriction
R x(X) = X, if it exists, is a K-variety characterised by the existence of bijections between
Hompg (S, X) — Homp (S x, L, X) for each K-scheme S varying functorially.

But, what exactly does this mean? “Varying functorially in S” means that for any K morphism
f:8 — T, the diagram

HOHIK(T, :{) —_— HOHIL(T XL L,X)

l |

HomK(S,%) —_— HomL(S X L,X)



is induced by f and its base extension f, : S xXxg X — T xg X (i.e., the map given by pre-
composing with f gives a contravariant functor) commutes. In other words, for a K-variety Y,
Morp(Y,, X) = Mork (Y, X).

In particular, if X is an affine L-variety, then one can explicitly describe the construction of
X. Say X = Spec(L(Y1...,Yy))/J, let d = [L : K] and aq,...aq be a K basis for L. Then one
can make the substitution

Yi=a1Vii + ... + agVia,

thus replacing each Y; by a linear expression in d new variables V;;. Moreover, suppose J =
(g1, .-, gm); then substituting each of the above equations into gx (Y7, ..., Y,), we get a polynomial
in the V-variables, however still with L-coeflicients. Now, using the fixed basis of L/K, consider
a single polynomial with L-coefficients as a vector of d polynomials with K coefficients. Thus, we
end up with md generating polynomials in the V-variables, say generating an ideal I in K[V;].
Then, put Ry, x(X) = Spec K[Vy;]/1.

Theorem 2.1 (Weil, [8] Chapter 4 §4.6.). Let L/K be a finite Galois extension with Galois group
G. Let X be a L variety. If Ry /x(X) = X exists, then

%L:HX"

ceG

as L-varieties.

Going back to Example 1, from the above theorem, the Weil restriction Re¢/r(Gp) xr C =
HoeGal(C/R) Gy, and so by definition is a torus.

With the definition of Weil restriction established, one can now proceed to construct Sy,.

Let K be a number field and G,, the multiplicative group over K. Define ' = R /g(Gp).
If A is a commutative Q-algebra, then the points of T" with values in A form the multiplicative
group (K ®qg A)* of invertible elements K ®g A. In particular, T(Q) = K*. From Theorem 2.1,
it is clear that if d = [K : Q], then T is a torus of dimension d, i.e., Tg=T xq Q is isomorphic
to G,, /5 % --- x G, 5 (d times).

In order to construct Sy,, one actually “enlarges” a quotient of the torus 7" described above.
We make this more precise below.

Let k£ be a field and A a commutative algebraic group over k£ and suppose

0—Y — Y —Y;—0

is an exact sequence of commutative groups, with Y3 finite. Let € : Y1 — A(k) be a homomorphism
of Y7 into the set of k-rational points of A. The goal is to construct a group B, together with a
morphism of algebraic groups A — B and a homomorphism of Y5 into B(k) such that

(i) the diagram

I

Ys —— B(k)

is commutative.
(ii) B is universal with respect to A.

Such a group universal B can be constructed, details of which can be found in [2] Chapter II-1.3.
Thus, for an extension k’/k, one obtain an exact sequence

0— A(K') — B(K') — Y3 =0

and a commutative diagram



0 Yi Y- Ys — 0

|1 ]

0 — A(K') — B(K') — Y5 — 0

The algebraic group B is thus an extension of the algebraic group Y3 by A.

One can now apply this construction to the exact sequence (1.1) (i.e., let Y3 = K* /Ix(m) N
K*)Y; = 1;/Ig(m) and Y3 = Cy). Note that Cy, is finite from Theorem 1.9. However, before
that we must “cut down” the torus T = Rg/q(Gy,) defined earlier in this section. Set En =
I (m) N K>, and let Ey, be the Zariski closure of in 7. Set the commutative group A to be
Tw = T/Ey. Then the construction described above yields an “enlarged” Q-algebraic group Sy,
with an algebraic morphism Ty, — Sy and a group homomorphism ¢ : I /Ix(m) — Spn(Q). The
sequence

1—Tn — S —Cn — 1 (2.1)

is exact, and the diagram

1 — KX /Ig(m)NK* — Ig/Ig(m) — Cn —> 1

|- | (2.2)

1 Tw(Q) Sm(Q) —— Cn —> 1

is commutative.

2.2 Abelian /-adic representations

With Sy, constructed, the canonical ¢-adic representation of K with values in S, can now be
constructed. Let ¢ be a prime number and m a modulus. Let 7 : T — T, — Sy, be the algebraic
morphisms from the previous section and also call € : Iy — I /Ix(m) = Sy (Q). By taking points
with values in Qy, 7 defines a homomorphism

Ty - T(Qg) — Sm(Qg)
As K®gQ¢ = [],, K, the group T'(Q¢) can be identified with K =[], K, and is therefore
a direct factor of the idele class group 1. Let pry denote the projection of Ik onto this factor T'(Qy).
Then, the map
ag=mpopry: g — T(Qr) = Sim(Qy)
is a continuous homomorphism (since 7, and pr; are).
Lemma 2.2. oy and € coincide on K*.

Proof. This is clear from the commutative diagram 2.2. O

With the help of this Lemma, define ¢ : [x — Sy (Qp) by

ge(a) : e(a)ap(a™)) (2.3)

ie., g = E.Oz[l (note, this is multiplication and not composition). From Lemma 2.2, this is
identity on K*. Since the idele class group is C = I /K>, & defines a map from C — Sy, (Qy).
Let oy denote the ¢! component of the idele a. Then as Sy (Qy) is totally disconnected, it is
trivial on the connected component D of Ck from §1.4. As Cx /D is isomorphic to Gal(K%/K),
we end up with the homomorphism

g0 : Gal(K%/K) — Sm(Qy) (2.4)

i.e, an f-adic representation of K with values in Sp,!
The following properties can be deduced about this system of representations:
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Proposition 2.3. (i) The representation ¢, : Gal(K%/K) — S (Q¢) is a rational representa-
tion.

(i1) e is unramified outside {p | m} U Sy where Sp = {p : char k, = ¢}.
(i1i) If p ¢ {p | m} U Sy, then the Frobenius element Frob, ., is equal to Frob, € Sy (Qy).

(iv) The representations ;4 form a system of strictly compatible £-adic representations with values
m Sm.

Proof. See [2] Chapter II §2.3 Proposition.
O

While this construction is undeniably intriguing, it begs the question of how this abstract
group its representations are related to anything that this essay hopes to proves. The subsequent
section aims to shed some light on this matter.

Let Wy be a finite dimensional vector space over Q, and let g : S, — GLWj be a linear
representation of Sy. For each prime number /, let W, = Wy ® Q; and Sy /9, = Sm X Q.
We then obtain a linear representation ¢/, : Sy g, — GLW}, which defines a homomorphism
©o/¢ : Sm(Q¢) = Aut Wy. By composing the map & : Gal(K®/K) — Sw(Q¢), we obtain

Yo = poseoce: Gal(K™/K) — Aut Wy (2.5)

an f-adic representation of K in Wy. ¢y is abelian (i.e., ¢o(Gal(K®/K) is abelian) because Sy, is
abelian by construction (see [2] Remark II-5). We can deduce the following about ¢g:

Theorem 2.4. (i) The @y form a strictly compatible system of abelian semisimple (-adic rep-
resentations.

(#i) For each v ¢ Supp(m), the Frobenius element of v with respect to the system (pg¢) is the
element p(Frob,) of Aut Wy.

(i4i) There exist infinitely many primes £ such that py is diagonalisable over Q.
Proof. See [2] 11-20 §2.5 Theorem 1. O

Recall the Qg-vector space denoted by V; as defined in Definition 1.3. Specifically, by setting
W, = Vi, we have constructed an abelian f-adic representation ¢, : Gal(K*/K) — Aut(V}).
This brings us closer to our objective of investigating f-adic representations of elliptic curves;
however, there is an opportunity for further refinement. Let Q (resp. Q,) be the algebraic closure
of Q (resp. Q). We shall now present a criterion for determining when any given system of ¢-
adic representations (subject to certain assumptions) is isomorphic to the system (y,) established
previously. In order to do so, we first delve into character groups.

Let X(T') = Homg(T'5,G,, 5)- 1f T' is the set of embeddings of K into Q, then each o € T

extends to a homomorphism K ®g Q — Q and defines a morphism [o] : Tg— G, /g- The set of
[0]’s form the basis of the character group X(T') of T. Every element ¢ € X(7T') can be uniquely
expressed as

¢=[]le]"?,  withn(o) € Z,
ocl’

and we call n(o) the exponents of ¢. As Ty, = T/Ey, the group X (T) can actually be
identified as a subgroup of X (T") formed by characters of the above type such that

o) = [[o@)™ =1,  forallz € Ey.
oel

But, we are interested in characters of Sy,. So, taking the dual of (2.1), we obtain a dual exact
sequence

0 — Hom(Cpn, Q") — X (Sm) — X(Tw) — 0,

11



and so every character ¢ of Ty, can be extended to a character of Sy, in precisely Ay = #Chn
ways.

With characters of X (Sy) in place, we would now like to express representations of Gal( K /K)
via characters of S,.

Using (2.1) along with the fact that X (Sm) = Hom(S, /@,@X) and Sy = T/En, we can

m

write an element of X (Su) as a pair (¢, f), where ¢ € X(T') and f € Hom(HK,QX). For ¢ =
[1,cr[o]™@) an element of X(T), let ¢, denote the the homomorphism of K = T)qg, into Q,
defined by

o(x) = [] oe(a)™®

ocel

where oy : Ky — Q, is a linear extension of o : K — Q.
Then, an f-adic character of Gal(K% /K) attached to character of Sy, can be given as follows:
Let ¥ = (¢, f) be an element of X (Sy). If a is an idele of K, put

bela) = fla)delag ),

. . . —x . .
from which we obtain a homomorphism ), : Ix — @Q, . Using the same construction as for e;, we

can obtain a continuous homomorphism 1, : Gal(K%/K) — @ZX !
Considering this modulo 7, we obtain

Yo Gal(K®/K) — k)5 Uy(a) = H oe(a; )™ mod m,.
oel
We now approach the final result of this section:

Theorem 2.5. Let py: Gx — GLW,, where Wy is a Qq vector space. Suppose (pg) is a semisim-
ple, rational, strictly compatible system of £-adic representations. Let P denote the set of primes.
Then, if there is an integer N and an infinite subset L of P satisfying the property that for all
¢ € L, the reduction p3° of p, modulo € is abelian, and, for any associated character Qéz) g — k)
there are integers n(o,£,i),cr less than N in absolute value such that

Héi)(a) = H oo(a™H)™MeE) mod for all a € g (m),
o€l

then, the system (pg) is isomorphic to the system (p¢) associated to a representation @, : Sym —
GLW.

Proof. See [1] Theorem 1. O

Note, that the hypothesis does not require p; to abelian — however, the conclusion of the
theorem states that (pg) must be isomorphic to (pg) if such an N exists, implying that (p;) must
be abelian!

2.3 Subgroups of GLy(F,)

In this section, let V' be a 2-dimensional vector space over IF,. As V' is 2-dimensional, it can be
written as the direct sum of two distinct lines V' = D; @ Dsy. The definitions can be found in [9]
or [1] §2.

Definition 2.2. Any subgroup of GLo(IF,) which up to conjugation is of the form

{(g 2) :a,cEIFp,ac#O}

is called a split Cartan subgroup. The subgroup is abelian of type (p — 1,p — 1). Equivalently, if
C is a subgroup of GLy(F,) consisting of elements s such that sD; = Dy and sDy = Do, then it
is a split Cartan subgroup defined by {D1, D>}.

12



Definition 2.3. Let C; be a subgroup of matrices that acts trivially on D;. This is a cyclic

subgroup of order p — 1, with matrix representation (1 2) Such a subgroup is called a semi-

0
split Cartan.

Definition 2.4. . Let € € F be a non-square element. Then any subgroup of GLa(F,) which up
to conjugation is of the form

{(‘; i’) ca,b € F,,a® — eb? 750}

is a nonsplit Cartan subgroup. Every nonsplit Cartan subgroup is isomorphic to Fpé.

Definition 2.5. Any subgroup of GL2(IF,) which up to conjugation is of the form

a b
{(O c) :a,b,cEIFp,ac;éO}

is called a Borel subgroup. Equivalently, it is the subgroup of GL(V') consisting of all elements
s such that sD = D. It has order p(p — 1)2, and D is the unique line stabilised by the Borel
subgroup.

Remark 2. For a number field K with absolute Galois group Gi and an f-adic representation

p, if p(Gk) is contained in a split Cartan subgroup, then it is a subgroup of matrices of the form

(g 2) and so it is already semi-simple and abelian. If p(Gg) is contained in a nonsplit Cartan

subgroup, then the elements of a nonsplit Cartan are diagonalisable over F,> and not [, so the
representation p is still semisimple and abelian. If p(Gf) is contained in a Borel subgroup, then
let D be the line left fixed by the Borel subgroup. Then,

G—-V/DeD=F,oF,
is the semisimplification and is abelian.

With the help of the following theorem, Serre classifies all the subgroups of GLy(F,,) (for the
specifics of p = 2,3, 5, see [1] §2).

Theorem 2.6. Let p be a positive prime and let G be a subgroup of GLa(F,).
(i) If p | #G, then one of the following holds

(a) G contains SLa(F)).
(b) G is contained in a Borel subgroup of GL(F,).

(i) If pt #G, then
(a) G is contained in a Cartan subgroup of GLa(F)).
(b) G is properly contained in the normaliser of a Cartan subgroup of GLo(Fp).
(c) The image of G in PGLa(F,) := GL2(F,)/F, is isomorphic to one of the exceptional
groups Ay, As or Sy.

Proof. (i) By Jordan Normal form, every element of order p of GLy(FF,) can be expressed as

{1(1
0 1

D, corresponding to every p order element are the same line, say D, then G stabilises D
and is contained in a Borel subgroup. If there are at least 2 different lines D, and D,, then
pick a basis such that the basis vectors lie on these lines. Then G contains elements

1 a} B {1 O}
o 1 “Tl o1
But, SLy(F,) is generated by these elements, and so the first part of the proposition follows.

In particular, if G contains a Cartan subgroup and we are in the latter case, then det G € F;,
implying G = GLy(F,).

and hence pointwise fixes a unique line D, corresponding to each x. If all the lines

xTr =
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(ii) To prove this, we first make the following claim:

Lemma 2.7. Let G be a subgroup of GLa(FF,) of order prime to p, and let H = ¢(G) be its
image in PGLy(F,) under ¢ : GLo(F,) — PGLy(F,). Then

(a) if H is cyclic, then G contained in a Cartan subgroup of GLa(F)).
(b) if H is dihedral, then G is contained in the normaliser of a Cartan subgroup.

(¢) H is isomorphic to Ay, S4 or As.

Proof. It H is cyclic, then let H = (h). Let A,B € G be such that ¢(4) = h = ¢(B).
Then A ~ B and as every non-scalar lies in a unique Cartan and the intersection of any
two Cartans are the non-scalars, A and B must be in the same Cartan subgroup. If H =
(r,y : 2" = y? = 1,yzy~! = x71) is dihedral, then ¢~ 1(H) is the normaliser of ¢~ ({z))
in ¢~ (H). Then using the first part ¢~*((z)) is contained in a Cartan, which implies that
G lies in the normaliser of a Cartan. Lastly, if H is a finite subgroup of PGLy(F),) of order
prime to p and H is neither cyclic or dihedral, then H is isomorphic to A4, Sy or As (see [1]
Proposition 16).

O

So, from the above lemma, it is now clear that if G contains a Cartan subgroup C, it is
sufficient to show that H is cyclic or or dihedral, i.e., it is not isomorphic to A4,A5 or Sy.
This is obvious if p < 3. Suppose p > 5. Then the image of C' in PGLy(F)) is cyclic of order
p+ 12> 6 (because p > 7 if C is split). But none of A4, A5 or S4 contain any elements of

order at least 6.
O

2.4 On Tame Inertia groups and characters

The purpose of this section is to give results of a local nature, mainly concerning the tame inertia
group and its action on torsion points of elliptic curves. This action can be given by fundamental
characters with exponents bounded by the ramification index of the local fields considered; the
existence of this bound will play a key role in the proof that follows.

Let @p be the separable closure of Q, (which is the same as the algebraic closure). There is
a unique maximal unramified extension denoted as Q)". Let QZ / Q" denote the maximal tamely
ramified extension of Q,. Then, there is the following sequence of containment:

Q,0Q,>Q >Q,.
Set
G=Aut(Q,/Qp), I=Aut(Q,/Q)), I,=Aut(Q,/Q}), I =1/I,=Aut(Q,/Q;")

Then, G D I D I,. The group I is called the inertia group and the group I, is called the wild
inertia group. The group G//I = Aut(Q,"/Qp) is identified with Gy, = Aut(F,/F,). The quotient
I, = I/I, is called the tame inertia group of G.

Remark 3. I, is the largest prop-p group contained in I: it is a Sylow-p subgroup because each
finite Galois extension of Q! has degree a power of p, and the order of I; is prime to p; it is unique
because it is the kernel of Gal(Q,/Q,) — Gal(Q,/Q},), hence normal.

Remark 4. All the claims made in this section are easily generalisable to any number field K,
with the replacement of Q,, by K*“?, the separable closure of K.

The setting looks something like this:
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G/I =~Gs,

Qp

For more details on these extensions and groups, see [10]. From now, let ¢ = p™ for some
prime p and positive integer m.

Lemma 2.8. There is an isomorphism

G:It—H'&nIF;
q

where Iy ranges over the finite subfields of @p and where the transition maps are given by the
norm map
N:Fgn — FX, N(a)=altta""
Proof. Let x be a uniformiser of Q;". The field QZ is the union of all totally and tamely ramified
extensions of Q)" and since all such extensions are of the form Q)" ({/x) for all integers ged(d, m) =
1, we deduce
Q= mQ, (V7). (2.6)
ptd
Similarly, since the unramified extensions of Q,, are the extensions Q,((,,) for integers p { m, we
deduce
Q" = mQ,(Gn) (2.7)
ptm
Kummer theory gives a canonical isomorphism

Gal(Qy" (V) /Qy") = pay 0 = o(Vx)/Vx (2.8)

where p4 is the group of d** roots of unity, each of which are contained in Q" by (2.7). Each
such isomorphism lifts to a map 64 : I, — pq which factors through I; due to (2.6). Thus, we
obtain an identification

I, = Gal(QL/Q2") = lim Gal(Q)" (/2)/Q)") = lim pua. (2.9)
ptd ptd

As Fy = pg—1, the inverse system (1q) is equivalent to the inverse system formed by Fy and the

norm maps N : Fym — FX, N(a) = ol tat-a" 7" and so the result follows.
[

Proposition 2.9. Let V* denote the semi-simplification of V as a G-module (i.e., the direct sum
of the Jordan-Hélder constituents of V). Then I, acts trivially on V*°.

Proof. As we only need to prove that I, acts trivially on the direct summands of V**, we may
reduce to the case that V' = V*° is simple. The continuity of p ensures that p kills an open
(hence finite index) subgroup of G, so that p factors through a finite discrete quotient. As I, is
a pro p-group, the image p(I,) is a finite p-group. Let W = VI» be the subspace on which I,
acts trivially. Since W is a p-torsion abelian group on which a finite p-group acts, we claim that
W # 0. Indeed, as I, is a pro-p group, its orbits have size 1 or powers of p. The orbit {0} has
size 1, and |V is a power of p. Since the orbits partition V, there must be at least p — 1 other
singleton orbits, in other words, there are at least p — 1 non-trivial points that are fixed by I,. So
W is non-trivial. But, I, is a normal subgroup of G, so W is a nontrivial G-stable subspace of V.
However, since V' is simple by hypothesis, W =V and I, acts trivially on V. O
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By Proposition 2.9, I; = I/I, acts on V*°. The identification (2.9) shows that I; is abelian,
and so I; acts on V* via two characters

Y1, 1 Iy — ﬁ:
We are thus motivated to understand the group Hom (It,F; )

Definition 2.6. Let ¢ : I} — F: be a continuous character. ¢ is of level m if m is the smallest
integer such that ¢ factors through Fpm.

I

Il

lim F;d F

m

X
FX.

The continuity of ¢ ensures that such an m exists, and the level of ¢ is a factor of any other
such m. There is a convenient set of generators for the group of characters of I; of level m that
we now describe.

Definition 2.7. Let ¢ = p™. A fundamental character of I; of level m with values in F is a
character that is the composition of

9(1,1 : It — Hqg—1 (Q2r> = F;

with a field isomorphism of F,. Here, 6,_1 is the map defined by (2.8). Clearly there are m
fundamental characters of level m as such a character is conjugate over IF, to 6,_; and can be
written as

e=07

-1 1=0,1,....m.

Remark 5. It is fairly straightforward to see that Hom(It,F: ) can be parametrised by the set of
characters 6,4 : It — pq. For more details, see [1] §1.7 Proposition 6.

Lemma 2.10. The fundamental characters of level n generate the set of all characters of level n.
Proof. See [1] Proposition 5. O

In particular, we now consider the cyclotomic character x : G — Aut (u,) = F)¢ — the character

giving the action of G on the p*" roots of unity. As Q, ((,)/Q, is tamely ramified, x gives a
character of I;. We claim:

Proposition 2.11. The character x : Iy — py, is the e'® power of 0,1 : I — p, (recall, e is the
ramification index of p).

Proof. Let ®,(X) be the cyclotomic polynomial and ¢, a p'* root of unity. Then, v,(p) =
-1 n

vp(Pp(1)) = 201 vp(Cy — 1) = (P — 1)(G — 1). So, for @ € pp \ {1}, vp(z —1) = ¢/(p— 1) = a.

This implies that the map z +— x — 1 induces an injective homomorphism into V,, and since all

characters of I; can be parametrised by 4’s (see Remark 5 or [1] §1.8 Proposition 7), it must

follow that x = 6,_;. O

Corollary 1. Ife=1, then x = 0,_1.

We may now readily apply the properties from above to the particular scenario where V' is the
set of p-torsion points of an elliptic curve. Let E be an elliptic curve over a complete, normalised
discretely valued field K of characteristic 0. Let the residue field be k with maximal ideal 7 and
char k = p. Let E[p] denote its kernel under the multiplication by p map in E(K?®P) - this is a
vector space of dimension 2 over F,. One also knows due to the Weil pairing that A2E[p] & p,.
Let p : G — Aut(E[p]) = GLy(F,) be a representation. Let E[p] denote the reduction modulo 7
of E[p] in k. From Definition 1.6, we split into three cases.
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Case I: Ordinary Good Reduction

If F has good reduction, there are two possibilities — ordinary reduction and supersingular reduc-
tion. First, assume E has ordinary reduction. Then, there is an exact sequence

0 — X[p] — E[p] — E[p] — 0 (2.10)

where E[p] — E[p] is the reduction map and X|[p] is the kernel of this map, which is cyclic of
order p as E has good ordinary reduction.
Let (e1,e2) = Ep] be choice of basis such that X[p] = (e1)r,. As X|[p] is stable under the

action of G, the image p(G) is contained in a subgroup conjugate to <; :), which implies that

the image is contained in a Borel subgroup.
Further, p(I,) is a finite quotient of a pro-p group, it must be of p-power order. As the Sylow

p-subgroup of GLo(F,) consists of upper triangular matrices which is generated by ((1) T), p(Ip)

.. . 1
must lie in the unipotent group (0 1).

The group I, acts on X|[p] (resp. E[p] = E[p]/X[p]) by means of a character yx (resp. xy)
with values in . From this we obtain the first piece of information about the Galois module

Elpl:
Proposition 2.12.
Xx = 0;;_1, and xy = 1.

Proof. xy = 1 as G acts on E[p] via the canonical homomorphism G = Cal(K*?/K) —

Gal(F,/F,). The product x xxy is the determinant of the action of I; on E[p] and by Proposition

2.111is 0¢_4. O
p—1

An immediate corollary to this if e =1 is as follows.
Corollary 2 (Good ordinary reduction). Suppose e = 1. Then,

(a) The two characters giving the action of Iy on the semisimplification of E[p] are the trivial
character and the fundamental character 6,_;.

(b) If I, acts trivially on Elp], the image of I in GLo(F),) is a cyclic group of order p — 1,

- 0> with a choice of basis (e1,e2) such that X[p] = (e1).

representable by (0 1

(c) If I, does not act trivially on E[p], then the image of I in GLo(F,) has order p(p — 1), and
is given by (Z; *)

Proof. The first claim is clear from 2.12 as E[p]/X[p| = E[p]. For the second, notice that as the
xx must be surjective, the image of I must have order divisible by p — 1. Since this image must

be a subgroup of (; i), its order is either p(p — 1) or p — 1, which corresponds to either of the

two cases. O

Case II: Supersingular Reduction

Now, we consider the second case, that is if ' has supersingular reduction. In this case, F has no
points of order p and every element of E[p] reduces to the identity element of E.

Proposition 2.13 (Good supersingular reduction). Suppose e = 1.
(a) The action of I, on E[p] is trivial.

(b) There exists on E[p] the structure of a one-dimensional F,2-vector space such that the action
of I is given by the fundamental character 0,21 of level 2.
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(¢) The image of I in GLa(F,) is a cyclic group of order p*> — 1 (non-split Cartan subgroup)
(d) The image of G in GLo(F,) is contained in a Cartan subgroup or in its normaliser N.

Proof. The proof of the first, third and fourth parts are in the same vein to Corollary 2. The
second uses some elementary theory from formal groups, but is essentially just a straightforward
generalisation of Proposition 2.11. For more details, see [1] Proposition 13. O

Case III: Multiplicative Bad Reduction

In this case, assume E has multiplicative bad reduction. To study the Galois representation F[p],
it is easiest to study the theory of Tate curves. For a quick overview on Tate curves, see [4]
Appendix C.14, and for more detailed treatment, see [5] Chapter V. §3.

In summary, from the theory of Tate curves, there is a unique ¢ € K* with |g|, < 1 such
that there is a curve E(q) = G,,/q” which is isomorphic to E over K or isomorphic to E over
a quadratic extension L/K (See [4] Appendix C.14 Theorem 14.1). Over this extension, the p-
torsion E[p] contains p, as a Galois sub-module, with the quotient E[p]/p, being generated by
the image of ¢'/P. As any Galois conjugate of ¢'/? is equal to (q'/? for some ¢ € tp, the Galois
action on ¢'/? modulo p is trivial. This gives an exact sequence

0— pp = Elp| = Z/pZ — 0.

Then, similar to the previous cases, we can identify j, to be the kernel of reduction. The
action of I,, on the kernel of reduction is given by the upper left corner of the matrices <; T)
So we conclude:

Proposition 2.14 (Multiplicative Bad Reduction). The image of th inertia group I in GLa(F,)
is contained in a subgroup of the type (; D The two characters of I; associated to this epre-
sentation are the unit character and the character 0 _,.

Corollary 3. Suppose e =1. Then

(a) The two characters giving the action of Iy on the semisimplification of E[p] are the trivial
character 1 and the character 0,_1.

b) If I, acts trivially on E|p|, the image of I in GLy(F,), is cyclic of order p — 1. and has
P P
matrix representation (; O).

(c) If I, does not act trivially on E[p], the image of I has matriz representation (; ;)

With this, one has all the background required to proceed with Serre’s proof. One might ask
why we have paid particular attention to the e = 1 case, and so far not considered the case of
additive reduction. The reason for this is that if E is an elliptic curve over F, then the semistable
reduction theorem (c.f. Theorem 1.2 (iii)) can be used to work over a quadratic extension of K/F
such that E has only multiplicative bad reduction or good reduction. Further, as only finitely
many primes of F' ramify in K, one can remove that finite subset of primes and assume that every
element of K is at least 7 and unramified in F.
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3. Serre’s Proof

The goal of this chapter is to provide a sketch of Serre’s proof using all the theory covered in the
prior chapters. We then provide some explicit examples of how to compute the /-adic images of
these Galois representations in certain situations. Lastly, we consider the specific case of K = Q
and define Serre curves.

3.1 Proof (briefly)

In this section, we tie everything covered thus far, to prove the main theorem from Serre’s paper
[1]. Before we delve into the proof, we first state the two main claims from Serre’s antecedent
work [2].

Let £ be a prime and n an integer. Let E be an elliptic curve over a number field K. Let

E[f>~] = Jim E[¢"]. Then,
Eltors] @ E[¢=)

teP
and

Aut Eltors] H Aut B[] = H GL2(Zy).
P teP

For G = Gal(K/K), define
pn i G — Aut E[n] = GL2(Z/TLZ)
pe:G— Aut E[{] = G (IE’@)
pess : G — Aut E[0*°] = GLy(Zy)
Poo : G — Aut Eltors] = GLy(Z)
Proposition 3.1 ([2] IV-19 §3.1 Proposition). The following are equivalent:
1. pso(G) is open in [], Ty = CLy(Z).
2. pe=(G) = Aut Ty for almost all L.
3. pe(G) = Aut E[{] for almost all L.
4. pe(G) contains SLE[L] for almost all £.

Theorem 3.2 ([2] IV-11 §2.2 Theorem). If E has no complex multiplication over K, then py(G)
is open in AutT).

Theorem 3.1 uses the fact that for an elliptic curve with no CM, if py(G) were abelian, semisim-
ple and rational, we would be able to find a prime ¢’ such that a compatible £’-adic representation
Vi would be the direct sum of one-dimensional subspaces stable under Gk, contradicting the fact
that V4 is irreducible for all primes ¢ if E has no CM (see Theorem 1.6 and Remark).

Recall that Ty = lim  E[¢"]. So, in order to show that po(G) is open in GLo (Z), it is sufficient
to show py : G — GLo(FFy) is surjective for almost all £. Thus, in this section, we shall be proving
the following theorem:
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Theorem 3.3. Let E be an elliptic curve over F'. Suppose E has no complex multiplication over

F. Then, for almost every prime number {, the homomorphism p, : Gal(F/F) — Aut E[(] is
surjective.

In the last 2 chapters, we have

e Constructed a rational, semisimple, abelian, strictly compatible system (¢¢) of ¢-adic repre-
sentations.

e Given a criteria of when any other semisimple, rational, strictly compatible ¢-adic system
must be isomorphic to (¢¢), and in particular, abelian (Theorem 2.5).

e Given a characterisation of the inertia group on the p-torsion E[p] of an elliptic curve under
different types of reduction.

e Identified the possible subgroups of GLo(F,).

As most of the groundwork is done, the proof proceeds by first assuming £ has no CM. Then,
comparing the action of the inertia group with the subgroups of GLo(F,), we zone down on two
possibilities for where py(G) must lie. We eliminate one possibility by arriving at a contradiction
using Chebotarev Density Theorem. For the second case, we show that the semisimplification
p;® + G — GLa(Fy) enjoys certain properties that enables us to show that p, is abelian, implying
E must have CM, arriving at a contradiction.

Proof of Theorem 3.5. First, some reduction are in order. One can replace F with a finite ex-
tension K/F from Theorem 1.2 for which E attains semistable reduction. Next, we proceed by
contradiction: suppose it were the case that there was infinite subset L of primes such that for
every £ € L, pi(G) # GL2(FF;) (we shall show that this hypothesis implies E has complex multi-
plication). By removing a finite subset of L, one can assume ¢ € L to be such that ¢ are at least
7, unramified in Q and E[/] is irreducible (see Corollary 1.6). Then as ¢ 1 #G, we are in case ii)
of Theorem 2.6.

Let £ € L and let v be a place of K lying over £. Choose w to be a place of K that extends v.
Let I, be a corresponding inertia subgroup of GG. Further, as E is semistable over K, E has either
ordinary good reduction, supersingular good reduction or multiplicative bad reduction. Then,

from Corollary 2 and Corollary 3, p¢(I,,) is up to conjugacy of the form (Ek) (1)>, or (Ek) T) In

particular, the size of the image of the wild inertia subgroup is £ — 1 or £(¢ — 1), respectively.

If E has supersingular reduction, then from Proposition 2.13, then py(I,,) is a non-split Cartan
subgroup itself, or a normaliser of a non-split Cartan subgroup and has order ¢ — 1. So, combined
together with Theorem 2.6 we are left with two possibilities

(a) pe(QG) is contained in a Borel subgroup or a Cartan subgroup.
(b) pe is contained in the normaliser of a Cartan subgroup Cy, and is not contained in Cy.

We shall first show that (b) can occur for only finitely many values of ¢ (if E' does not have
complex multiplication).

Let Ny denote the normaliser of the Cartan subgrpoup Cy. As Cy has index 2 in its normaliser
and as case (b) implies the containment of groups Cp C pe(G) C Ny, we have the following
composition series

G L5 Ny —— NjJCp — {+1} (3.1)

and, so this cuts out a quadratic extension, say Ky over K. Let (3.1) be denoted as a character
of order 2, say €, : G — {£1}.

Lemma 3.4. The extension Ky /K is unramified.

Proof. Let v be a place of K that extends to w. There are 3 cases to check:
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(i) If v lies above £, then py(1,,) is a semi-split Cartan subgroup or a non-split Cartan subgroup.
Since py(I,) C pe(G), and pe(QG) is contained in Ny, by [1] Proposition 14, py(I,) € Cy. In
particular, €;(I,) = 1, so K’ is unramified at v.

(ii) If v does not lie above ¢ and E has good reduction at v, then p; is unramified by Theorem
1.4 (Néron-Ogg-Shafarevich) and so €y(I,) = 1.

(iii) If v does not lie above ¢ and E has multiplicative reduction at v. Similar to Case III in §2.4,
there exists an exact sequence

0 — pe — E[l) +— Z/IZ — 0.

which is compatible with the action on I,,. So p¢(I,,) must be trivial or of order ¢, and the
latter is not possible py(G) is contained in Ny and £ t #N,. For more details, see [1] §4.2
Lemma 2.

O

Now suppose there is an infinite subset L' C L for which py(G) is of type (b). By Hermite’s
Theorem (see [11] Chapter IIT Theorem 2.13), there are only finitely many quadratic extensions
of K, so there is one such extension K’ which is equal to K, for infinitely many ¢’ € L’ by the
pigeonhole principle. With the help of this extension, we shall show that E actually has complex
multiplication, hence eliminating case (b). In lieu of this, note that whenever v € Xk is inert in K’
and F has good reduction at v, E, must be supersingular. Indeed, if £ # char k,, then p(I,,) = {1}
and py is unramified at v. If §,, denotes the Frobenius element associated to the extension w of v,
then Tr F,, = Trd,, mod ¢ and §,, € Ny (because we are in case (b) and p(I,,) = {1}). Moreover,
suppose ¢ € L' and Ky = K'. As v is inert in K’ and §,, € Ny, €(d) = —1, i.e, §,y € No\Co.
However, elements of N,\C, have trace 0, so

TrF, =Trdé, =0 mod /.

As this congruence holds for infinitely many ¢, it must be the case that Tr F;, = 0 which implies
that E, is supersingular (as #E,=Nv+1+TrF, ).

Now, as we know that v € Sk inert implies that E, is supersingular, let Y’ be the set of
such places. By Chebotarev Density Theorem (Theorem 1.8), the density of ¥/ is 1/2. But, if E
has no complex multiplication, then the places of supersingular reduction has density 0 (See [4]
Chapter V Theorem 4.7) This is a contradiction, and so it must be the case that F has complex
multiplication.

So now, we can focus on case (a).

Let pg : G — GL2(F,) and let p;° denote the representation of G obtained from its semisim-
plification. As we are in (a), a Borel or Cartan subgroup is abelian and so p}® must be abelian,
which implies that we can diagonalise it by extending scalars and obtain two characters 951) and
052) such that

60" : Gal(K*/K) — k.
We can identify these with homomorphisms from Ix into k;, just as done for (2.4).

Lemma 3.5. Let m be a modulus of support S = @. Let T be the set of embeddings of K into Q.
Then there is a family of integers n(o,,i) fori=1,2, o € T taking values 0 or 1 such that

9(Z H oea " (@69 mod m,
oel
foralli=1,2 and a € Ix(m).

Proof. The first task is to check for the hypotheses of Theorem 2.5. For that, we first show that
p;° is unramified for each v € ¥k not dividing . If E has good reduction, that is clear from
Theorem 1.4. Otherwise, E has multiplicative reduction, in which case the arguments in Lemma
3.4 show that py(I,,) corresponding to v is either trivial or of order ¢, and the semisimplification
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of such a group must be trivial, so p**(I,,) is trivial. But as Oéz) were obtained from p®°, 9? must
also be unramified outside places that divide .

Now in order to show the claim in Theorem 2.5, it is equivalent to find exponents n(o, ¢, 1)
equal to 0 or 1 such that

0(@) = [Lovla™)""") Va € L (o) 32
oel

Let each embedding corresponding to v (i.e., v 0o 0 = v) be denoted by I'(v), then each I'(v)
partitions I for v | £, and so using the fact that I (¢) = [],, Lx (v), the formula (3.2) is equivalent
to

0 (a)= [ oela™H" @) Vaelx(v), (3.3)

o€l(v)

which makes everything now local on v. As v is unramified over Q we have [K : Q] = f, where
fv is the residue degree of v and #I'(v) = f,. Using this fact, local class field theory and results
from §2.4, (3.3) is equivalent to saying that the reduction of Qél) to the inertia groups I, at v is
the product of the fundamental characters of level f, with exponents 0 or 1. So, the following
cases arise:

(i) If E has ordinary good reduction at v, by Corollary 2, the restrictions of Géi) are either
trivial or the fundamental character of level 1. In the first case, take n(o,¢,7) = 0 and in
the second case take it as 1.

(ii) If E has supersingular reduction at v, then by Proposition 2.13, we have we have 2 characters
of level 2 that are obtained by composing the fundamental character 6p>_; : I, — F 5 with
the two embeddings of F; into k,. So, n(o,¢,i) = 1 if the reduction mod chark, of ¢
extends the embedding, and 0 otherwise.

(iii) If E has bad reduction of the multiplicative type, then the case is the same as in the case of
ordinary good reduction by Corollary 3.

Further, as p, is rational, semisimple and form a strictly compatible system, (py) satisfies the
hypothesis of Theorem 2.5 by taking the integer N = 1. So, it is isomorphic to (¢¢), implying
that pg is abelian, which by the contrapositive of Theorem 3.2 implies £ must have complex
multiplication, yet again, arriving at a contradiction. O

O

3.2 Explicit examples

The easiest case is that of semistable elliptic curves. Serre shows an easy criteria to determine
the f-adic image for most semistable elliptic curves. Let Sg denote the set of primes p at which
E has bad reduction.

Proposition 3.6. Let E/Q be a semistable elliptic curve, and let £ be a prime number. Suppose
(a) pe # Aut E[¢]; and
(b) Either £ #2,3,5 or { does not divide vy,(j) for some p € Sg.
Then,
(i) pe(G) is contained in a Borel subgroup of Aut E[¢];
(i) The G-module E[{] has Jordan-Holder sequence with quotients isomorphic to Z/0Z and pe;
(i1i) t, =1+ p mod ¢ for all p € P\SE.

Proof. See [1] Proposition 21. O
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Serre gives a lot of numerical examples in §5.5. Here are some more examples:

Example 2 (Semistable curve).
E:y’+ay+y=2a+2°
This elliptic curve has conductor N, j-inariant j and discriminant A as follows:

-1
N=15=3"5, jzﬁ7 A=-15=-1-3-5.

As Sg = {3,5}, by calculating c4, one can see that it has multiplicative reduction at both 3 and
5. As
—v3(j) = v3(A) =-1,  —vs(j) =vs(A) = -1,

and as ¢ { —1 for any prime ¢, for p # 3,5, there should exist some p such that A, =1+ p+1,
(we are trying to show the contrapositive of Proposition 3.6). For p = 2, As = 4, and so for all
¢ # 2, ¢y must have maximal image. ¢ = 2 is an exception as (0,0) is a point of order 4, and so

o . 1
its image must be representable by a matrix of the form (O I)

Example 3 (Semistable curve).
vty +y=a°—1le+12
This elliptic curve has conductor N, j-invariant j and discriminant A as follows:

53.1018

s A=98=2.7

N=14=2.7, j=

As Sg = {2, 7}, by calculating ¢4, one can see that it has multiplicative reduction at both 2 and
7. Just as above, as

—va(j) =v2(A) =1,  —vr(j) =vr(Q) =2,

no ¢ divides 1 or 2 for ¢ > 5.
Now, as A3z = 6, the ¢f-adic image is maximal for all £ # 2,3. As (0, 3) is a point of order 6,

the image for ¢ = 2, 3 is representable by a matrix of the form ((1) I)
Example 4 (Non-integral j).
E:y*=2+2>+8x+8
This elliptic curve has conductor NV, j-invariant j and discriminant A as follows:

23.243

— _ 9 4
BETa A = —41472 = —-27 - 3%,

N=96=2°-3, j=

This curve is has bad reduction at primes 2,3. We wish to find E[2]. As E : y?> = f(z),
setting y = 0, we obtain z = —1,+2/-2. So E[2] = {Og, (—1,0), (2v/-2,0), (—2v/—2)} and
Q(E[2]) = Q(v/—2), which has degree 2 over Q. Thus, the mod-2 Galois representation is cyclic
of order 2. Set 2¢/—2 to be . Set basis P = (—1,0) and Q = (,0). Then, P+ Q = (6,0). So
any automorphism o € Gg will acts on E[2] via P — P and

Q ifo(6) =0
@ { P+Q ifo(0)=0

So, the Galois representation with respect to the basis { P, Q} is given by

o= {1 (1 1))

which implies pg 2(G) is not surjective.
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For other primes ¢, we claim that pg¢(G) is surjective in GLo(F,). Using [2] IV-20 §3.2
Lemma 1 and 2, we can deduce that pg¢(G) = GLo(F,) if and only if E[¢] is irreducible. As
E[/] is irreducible if and only if there exists a Q-rational ¢-isogeny from F to some other E’, say
¢ : E — E’. Then, just as in the proof of Corollary 1.6, for another isogeny v : E' — E, we must
have deg(¢ o ¢) = £deg(¢)) to be a square. E corresponds to curve 8 in Ogg’s list [12], and as E
has conductor 96, E’ must be curves 7,9 or 10 in Ogg’s list. But, Ogg has shown that for such
a curve there is an isogeny of order degree 1,2 or 4. So, the map E — E’ — E would then be
an endomorphism of degree ¢,2¢ or 4¢, and this is impossible for ¢ # 2 since E has no complex
multiplication so End E = Z.

Example 5 (Integral j-invariant). As E is not semistable at p, a finite group ®,, can be introduced
that measures the failure of semistability at p. As j is integral, there is potentially good reduction
of £ over p. Then, the group ®, can be thought of as Aut(L/Q}"), where L is the smallest
extension over Q)" such that E acquires semistable reduction. For more details on how to exactly
calculate these groups, see [1] §5.6.
Consider the curve
E:y? =2 -3z —34;

N=216=2"-3%, j=-6=2:3  A=-497664=—2"".3".

Then, as v2(A) = 11, v3(A) = 5, and #P,v, = 0 mod 12, running through the possibilities of
cardinalities of ®5 and ®3, we conclude #P5 = 24 and #P3 = 12. So, Py = SLy(F3). For £ > 3,
we claim that p¢(G) = Aut E[¢]. Theorem 1.4 implies that @5 acts faithfully on E[¢] for all £ > 3.
So, if &5 was contained in a Borel subgroup, then its derived subgroup would be contained in

B = (1 >1k> — which would imply @4 is trivial or cyclic of order ¢. But, SLa(F3)’ has cardinality

8, so this is not possible. If ®5 were contained in the normaliser of a Cartan, say N, of Cy, then
consider the sequence ®3 — Ny — Ny/Cy. The kernel would be contained in C, which is abelian,
implying SLy(F3) has an abelian subgroup of index at most 2, which we know is not true. Now,
from the inertia group I, Corollary 2 and Proposition 2.13 imply that pg ¢(G) must contain a
Cartan or semi-Cartan subgroup. Then, by Proposition 2.6 (more precisely, [1] Proposition 17)
for £ # 5, ppo(G) = Aut E[{]. For £ = 2, as ®3 has order 12 and its image in Aut F[2] = ®&3/{£1},
we have pg 2(G) = Aut E[2]. Lastly, for £ = 5, by [1] Proposition 17 Remark, we take s = ma3.
Then, as #E3 = 22, we have ags = 2 and so Tr(s)?/det(s) = 4/23 = 3 mod 5, which implies
pE.5(G) = Aut E[5]. Thus, we have pg (G) = Aut E[{] for all £.

3.3 When K =Q

Based on the proof of the main theorem in Serre’s paper and the examples given above, it is a
natural question to ask if it is possible that if p,,(G) = Aut E[n] for all n > 1 (or equivalently

Poo 1 G — Aut Eltors] = GLy(Z)

where P is the set of all primes) implies that ps, is surjective. Unfortunately, the answer to the
same is negative, as Serre answers in his own paper with the following counterexample.

Proposition 3.7. For every elliptic curve E over Q, the image of
Poo : G — Aut Etors)

is contained in an index 2 subgroup of Aut E[tors].

Proof. Let ¢ = 2 and let the 2-torsion points be {e1,ez,e3}. As Aut E[2] =2 GLy(Fq), it can
be identified with the symmetric group S3 which permutes {e;,es,e3}. Then, one can define
a character € : S5 — {%1} that maps to the signature of an element in S3. Composing with
p2 : G — Aut E[2], one obtains the character xa : G — {£1} that corresponds to an extension of
the base field of degree at most 2, namely Q(\/Z) As every abelian extension of Q is contained in
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a cyclotomic extension, one can find an integer m such that xa is the composition of the canonical
homomorphism

G — Gal(Q(¢n)/Q) = (Z/mZ)"

and a character
aa : (Z/mZ)* — {£},

which we can rewrite as
e(p2(0)) = aa(det(pm(0))) for all o € G.

Essentially, there is a commutative diagram

(j — s Aut E[m] -2 (Z/mZ)*
Aut E[2] : {£1}

Let a,, denote the image of a € E[tors] in Aut E[m]. Then, the image of p is contained in
Ha C Aut Eftors] formed by elements a such that

g(az) = aa(det ay,)

i.e, it is the kernel of the map to {£1} given by a + e~ !(az2)aa(det a,,), hence is a subgroup.
Hp is either all of Aut(E[tors]) or is an index 2 subgroup because the target has size 2. However,
the map to +1 is surjective as can be seen form the commutative diagram above, so it is an index
two subgroup. It is open as it is the composition of continuous homomorphisms into a discrete
target. O

Definition 3.1. An elliptic curve for which pp (G) is as large as possible, i.e., [GLa(Z) :
PE.c(G)] =2, is called a Serre curve.

So far, we have observed that Serre’s result is qualitative, lacking precise information on
how exactly to calculate the image of a given curve. Consequently, one might be interested in
determining the prevalence of elliptic curves whose ¢-adic Galois representation achieves maximal
image across all primes ¢. Zywina offers a partial answer to this question by demonstrating that
the f-adic Galois representation of a “random” elliptic curve attains maximal image for all primes
£. The details of these methods will be discussed in the subsequent chapter.
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4. More on Galois representations and torsion points
of elliptic curves

4.1 Maximal image for all /7

The goal in this chapter is to give a brief overview of Zywina’s theorem from [3] and methods
of proof involved. As mentioned in the previous chapter, Zywina shows that for any “random”
elliptic curve, its ¢-adic Galois representation has maximal image for all /. However, it is necessary
to first establish a precise notion of what “random” means in this context. Let K be a number
field and let O denote its ring of integers. For a,b € O%, define A, = —16(4a® + 27b%) and if
Ay p # 0, define the elliptic curve E(a,b) by the Weierstrass equation

E(a,b) : y* = 2® + ax +b.
Fix a norm on R @z 0% = RIK:Q and for each real number 2 > 0, define the radius z ball
Br(z) = {(a,b) € O% : Agp # 0, |(a, )| < 2)}.

Further, let Q®¥¢ = U ,Q(¢,) C K be the cyclotomic extension of Q for some choice of
isomorphism Q = K, G = Gal(K/K) and pp(ap : G — GLz(Z) the f-adic representation of
E(a,b). The theorem then states the following.

Theorem 4.1. Suppose K N Q%Y =Q and K # Q. Then,

i | {(a,b) € Bk (2) : pp(as)(G) = GLa(Z)} |
T—00 | BK(.r) |

-1 (4.1)

Heuristically, what this attempts to say is that for a “randomly” chosen pair (a,b) € 0%, the
elliptic curve E(a,b) satisfies pg,p) = GLsy(Z).

Just as in Proposition 3.7, there is a cyclotomic character yx : G — Z*, which is given by
det opp for each elliptic curve E over K. The criteria K NQ®° = Q is necessary for Theorem 4.1.
To see this, note that Gal(Q®¢/Q) = lig(Z/nZ)X =7*. If xx(G) = H C GL3(Z), then

Kngw =K " = (@) £
One can generalise Theorem 4.1 further, in lieu of which one defines the group
Hy = {A € GLy(Z) : det(A) € xx(Gx)}.
Then,
Theorem 4.2. Let K # Q be a number field. Then,

| {(a,b) € Bk () : pp(ap(Gr) # Hi } | < log
| Bx () | K1 Nz
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In other words, this theorem essentially says that the proportion of elliptic curves E(a,b) such
that pg(a) (Gx) = Hi quickly approaches 1 as a function of . Here f < g means that there
are positive constants ¢; and ¢y such that |f(x)| < calg(z)| for & > ¢; (alternatively, the rest of
this essay also uses the notation O(f) to represent an unspecified function g with g < f.)

The proof broadly involves the following steps, that we shall delve into in greater detail in the
following sections.

Step I: Using a group theoretic argument, show that for any fixed elliptic curve E, pp(Gg) =
Hyg is equivalent to having pg¢(Greve) O SLo(Z/¢Z) for ¢ > 5 and pgm(Greve) =
SLo(Z/mZ) for m = 4,9 under certain assumptions.

Step II: For a fixed integer m and conjugacy class C of GLy(Z/mZ), show that the image
pE.m(GK)NC is almost never empty using a large sieve inequality and a theorem by Jones.
As the number of conjugacy classes are finite, this must mean that almost all curves have
their mod-m images lying in Hg for every m.

Step III: As we wish to understand the image of pg ¢(G) for every ¢, use a theorem by Masser
and Wistholz to reduce and bound the number of ¢’s to be considered.

Step IV: Lastly, verify that the hypotheses in Step I are true for most elliptic curves, again
using large sieves.

4.2 Useful results from around about

In this section, we briefly state some theorems that are used in Zywina’s proof, along with further
references.

Large sieves

Sieve theory generally focuses on determining the asymptotic values of averages of arithmetic
functions over integers, subject to congruence restrictions modulo specific prime numbers. Suppose
the congruence conditions permit only integers n with residues modulo a prime p not belonging
to a specified set Q,, say. If , contains few residue classes (typically, a bounded number as
p increases), the setting is that of a “small” sieve. Conversely, if the size of ), increases, it
characterizes a “large” sieve situation. It is this latter case that will be used to prove Theorem
4.1. For details on sieve theory and it formalisations, see [13] Chapter 2.

The following theorem by Serre ([14] Chapter 12, §12.1, Theorem) gives a large sieve inequality
which be used in the proof.

Theorem 4.3. Let K be a number field, A be a free Ox-module of rank n. Let || - || be a norm
over Ag = R®z A. Fiz a subset Y of A. We impose bounds on the “size” of Y both from the
archimedian and non-archimedian viewpoints. More precisely, let x,Q be real numbers such that
x>1,Q > 0. For every prime ideal p € X, let wy, be a real number in [0,1). Let i (Q) consist
of all p € X such that N(p) < Q. Assume

e The setY is contained in a ball of diameter x. i.e, there is ag in Agr such that |a — ag| < x
forallaeY.

e For every p € Xk (Q), the image Y, of Y in A/pA by reduction modulo p satisfies
Yol < (1 —wy)[A/pA.

Then,
[K:Q]n 2n
x +Q
Y <)) ——————7),
Yl <xai — 7
where w
@- Y 1%
- wy
aCOk  pla
squarefree
N(a)<@Q
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Assumption 2 implies that a proportion w, of the classes modulo p are missing from Y}, in
other words, they have been “sieved out”.

To see a quick example of this theorem in action, consider K = Q, A = Z, n = 1, and some
x € Ryq. Let Y be the set of squares in [1, z] and set w, to be near 1/2 for every prime p. Then,
>_o(Q) would consist of primes p < Q. As there are (p—1)/2 squares in (Z/pZ)*, the assumptions

1/2

of Theorem 4.3 are satisfied. By letting Q ~ x'/2 and approximating L(Q) ~ Q', the Theorem

yields Y| < x1/2.
In our case, we shall let A = 0% and || - || to be the fixed norm on R ®z O%.

Theorems by Masser-Wiistholz and Jones

The next two theorems will be particularly useful while proving Steps II and III.

Theorem 4.4 (Masser and Wiistholz). Let E be an elliptic curve defined over a number field K
and assume E does not have complex multiplication. Then, there are positive absolute constants c
and vy such that if £ > c(max{[K : Q], h(j(E))})?, then SLa(Z/lZ) C pro(GKk).

For the following theorem by Jones, let E be an elliptic curve over F,, and let pg,, :
Gal(F,/F,) — GL2(Z/mZ) be a Galois representation arising from the m-torsion of E. Let
Frob, € Gal(F,/F,) be the p'® power Frobenius auomorphism. For a conjugacy class C' €
GL2(Z/mZ) define

Qc(p) = {(r,s) € IFZ% :Ars # 0, pE(@r,s),m(Frob,) € C}.

This is the set of elliptic curves whose images of m-torsion lie in the same conjugacy class. The
following theorem gives an estimate on the cardinality of this set.

Theorem 4.5 (Jones). Fiz a positive integer m and a conjugacy class C' of GLo(Z/mZ). Let d
be the element of (Z/mZ)* such that det(C) = {d}. Then, for all primes p with p =d mod m,

Qcp) _  |C] C|
P> SLy(Z/mZ) +0 (W) '

4.3 Proof of Theorem 4.1

The first step in the proof if to identify the condition for which pr has maximal Galois image.
Suppose F is an elliptic curve over number field K # Q. Then there is an exact sequence

1 —— SLy(Z) — GLy(Z) —2% 7% — 1
and the representation detopp : G — 7 is the cyclotomic character yx of K. Therefore,
pe(Gr) NSLy(Z) = pp(Greve).
Recall that Hg is defined to be
Hy = {A € GLy(Z) : det(A) € xx(Gx)}.

Thus, the equality pg(Gx) = Hy is equivalent to pg(Greve) = SLa(Z).
The following Proposition gives the criteria for maximal Galois action for a fized elliptic curve.

Proposition 4.6. Let E be an elliptic curve over a number field K and let A be the discriminant
of E. Suppose the following conditions hold:

f you're wondering why L(Q) ~ @, note that for large x, approximately 3/4 of the numbers less than z are
not divisible by 4, 8/9 of the numbers are not divisible by 9 and so on. Using the Chinese Remiander Theorem,
one can approximate and obtain L(Q) ~ (6Q)/m2.
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(@) pEe(Gk) 2 SL2(Z/LZ) for every prime £ > 5;
(b) pea(Gk) 2 SLo(Z/AZ) an dppo(Gk) 2 SLa(Z/9IZ);
(c) VA ¢ Ko
(d) ps & K or VA ¢ K,
Then pgp(Gk) = Hk.
Proof. See [3] Proposition 2.1. O

We can now apply the large sieve to show that most elliptic curves have maximal Galois action.
For a positive integer m and a conjugacy class C' of GLy(Z/mZ), define the set

Yo(z) := {(a,b) € Bk () : pE(ap),m(Gr) NC = @}

This is the set of elliptic curves whose mod-m image does not lie in a particular conjugacy class.
For d € (Z/mZ)*, let Z}((Q;d, m) denote the set of p € >, (Q) such that N(p) prime and
N(p) =d mod m. Further, define for each positive integer m,

Br,m(r) :={(a,b) € Bk () : pBa,p),m(GK) 2 SLao(Z/mZ)}.
This consists of elliptic curves whose mod-m Galois representation does not have maximal image.

Proposition 4.7. Let m be a positive integer and C be a conjugacy class of GLa(Z/mZ). Let
d be the unique element of (Z/mZ)* such that det(C) = {d}, and assume xx(Gr) mod m C
(Z/mZ)*. Then,

-1
Yo(z)| SLa(Z/mZ)| (<=, (k012 s (KQl/a
= LR e g N2 d om)| + O (mP 2™ .
|Bx (z)] K|l O] - ( >| K(

Proof. (Sketch). This is a straightforward application of Theorem 4.3 and Theorem 4.5. Define
Q = zKU/2 and for each p € Z}{(Q, d, m), define

QP = {(Ta S) S IF;Q: : Ar,s 7& O,pE(r,s),m(FrObN(p)) € C}

Let Y}, be the image of Yo (z) in Fg. After checking that these sets satisfy the hypotheses in
Theorem 4.3, for p ¢ Z}((Q, d,m) set wy, =0. For p € Z}((Q, d,m), Theorem 4.5 gives

e c
" SLa(z/mz)] <N<p>1/2)

Wp

Then, combining the bound for L(Q) obtained from Theorem 4.3 along with the fact that
|Br ()| ~ 225U for some constant b as x — oo yields the result. For more details, see [3]
Proposition 5.5. O

Using the fact that there are a finite number of conjugacy classes, and taking their unions, one
can say that for a random elliptic curve F, pg ,, has maximal image. More precisely,

Proposition 4.8. For a positive integer m,

|Br,m ()] log =
“Br(r) LK |- llm RaQ)/z

Proof. See [3] Proposition 5.7. O

So far, we focused on a fixed positive integer m. However, we wish to understand the image for
all primes. Theorem 4.4 gives us a bound on the number of £’s that need to be considered. Using
bounds from Proposition 4.7 and 4.8, and by setting 5 = 8y + 1 (the v comes from Theorem 4.4),
we may deduce
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Proposition 4.9. There is an absolute constant 8 > 1 such that

|Br,a(%) U Bi 9(2) UU>5 Br ()] - (log z)?
|Bx (2)] K-l L xQl/z

Proof. See [3] Proposition 5.2. O

This completes the proof that any “random” elliptic curve has maximal Galois image if the
hypotheses in Proposition 4.6 are satisfied. But, the question then remains - do most curves satisfy
the hypotheses in Proposition 4.6. The answer is positive, answered by the following

Proposition 4.10. Fiz a number field K # Q and an integer r > 2 and assume that p,. C K.
Then,
{(a,b) € Bi(x): {/Aqp € KUY < log x
K |.||,r .
[Bx ()] N

Proof. (Sketch). The idea is to use the large sieve inequality from Theorem 4.3 again. Define S
to be a finite set of primes that satisfy

(i) S contains primes dividing 67,
(ii) S contains primes that are ramified in K,
(iii) Og is a principal ideal domain, where Qg is the ring if S’ integers where

S ={peXk:p|p, for somep e S}.

Then, for each § € OF, define sets
Ws = {(a,b) € O% : Ay = ma"B, for some m € Z,a € Og}

and Wg(z) = W5 N Bk (x). Let Wp, be the image of Wy in 0% /pO% for each p ¢ S and p splits
completely in K.

Let I be the set of primes that split completely in K. For each p € I, set w, =1 — rd%l +
O,.4(p~%/?), and for p ¢ I, set w, = 0. Then, W5 and Wj, satisfy the assumptions of Theorem

4.3, and so we obtain
2d

[Ws(x)| <k || % (4.3)

w
DY |
JCI finite peJ p
Hpejpgﬁ

Using r > 2 and d = [K : Q] > 2, we obtain

Livo)z Y JIa+0map™?) = Y (1+0na(p™"/?)). (4.4)

where

JCI finite p€J pel
Hpe] p<Vz <V
Using (4.3) and (4.4) along with another inequality (see [3] (6.1)) yields the result. O

Finally, we may use these results covered so far to prove Theorem 4.1.

Proof of Theorem 4.1. Define the sets

Yi(z) = Bra(x) U Bgo(x) U | ) Br ()

>5

YQ(QS') = {(a, b) c BK(J;) : \/m c Kcyc}
YB = {(a, b) S BK(lL') T3 - K and & Aa,b c KcyC}
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By Proposition 4.6, we have

{(a,0) € Bk () : pp(an)(Gx) # Hr} C Yi(x) UYa(x) UYs(2),

and so

[{(a,b) € Bk (2) : ppap) (Gx) # Hr }| < V(@) + [Ya(2)| + [Y3(2)].

By Proposition 4.9, we have

Vi) . (loga)’
By (z)] I R K2
where § > 1 is an absolute constant. By Proposition 4.10, we have
Y2 ()| log Y3 ()| log
<K, and <Kk, .
[Bre(@)] Ve Bre(@)] Ve
Combining everything together gives
{(a,0) € B (2) : ppan)(Gr) # He} - [(log)” loga log z
Bi () ol FLSUENVEE BV
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5. Conclusion

Serre’s seminal work has paved the way for numerous avenues of research over the past fifty years.
In the last chapter, we explored a potential direction stemming from Serre’s open image theorem,
specifically focusing on determining which elliptic curves exhibit maximal image for all £. On the
other hand, a lot of effort has gone into identifying and computing all possible images of pg  for
all kinds of elliptic curves and values of £. The problem of classifying all possible Galois images
over QQ is also often referred to the “Program B” by Mazur. More precisely, “Given a subgroup H
of GLy(Z) = [, GL2(Zy), classify all elliptic curves E/Q whose associated Galois representation

on torsion points maps Gal(K/K) into H < GLy(Z)”. Substantial progress has been made for
both CM and non-CM curves over Q for prime order, power of prime order and multi prime order
- see [15], [16], [17]. On the computational side, substantial progress has been made in effectively
computing these images, for example see [18].

One can also view Serre’s theorem through a different lens. Another way of rephrasing Theorem
3.3 is to say that there exists a constant n(FE, K) such that for all £ > n(E, K), py is surjective.
One can ask if there exists a constant n(K) that only depends on the number field K and is
independent of the choice of elliptic curve E such that Theorem 3.3 holds. This is sometimes
dubbed as Serre’s uniformity problem, and partial progress has been made in this direction. As
seen in §2.3, subgroups of GLa(F),) consist of normalizers of (split and nonsplit) Cartan subgroups,
Borel subgroups, and “exceptional” subgroups (those whose projective image is isomorphic to one
of the groups A4, Sy or As). To solve Serre’s uniformity problem, one has to show that for
sufficiently large n, the image of the Galois representation is not contained in any of the above
listed maximal subgroups. Serre himself settled the case of exceptional subgroups in [19], and the
work of Mazur [20] on rational isogenies implies Serre uniformity for the Borel subgroups. In the
Cartan case, Bilu and Parent [21] answer the question for the split cartan case. The case of the
non-split Cartan is actively being researched.
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