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1 Introduction

The theory of invariants came into existence
about the middle of the nineteenth century
somewhat like Minerva: a grown-up virgin,
mailed in the shining armor of algebra, she
sprang forth from Cayley’s Jovian head.

Weyl (1939b, p.489) [26]

Classical invariant theory is concerned with understanding invariants of an algebraic form under the
action of a standard classical group, or in other words, understanding the isotypic decomposition of the full
tensor algebra for such an action. Both these questions happen to be equivalent to an apparently simpler
one, namely the description of the invariants in the full tensor algebra of such an action. This subject,
developed in the late 19th century, has since become foundational in modern mathematics, influencing the
study of commutative algebra, moduli spaces, and the representation theory of semisimple Lie groups.

One of the first major results in invariant theory was a theorem on the symmetric functions that described
the invariants of the symmetric group by permutations of the variables. This is often called the Schur-Weyl
Duality, which will be the first topic this exposition deals with. Invariant theory of infinite groups is
inextricably linked with the development of linear algebra, especially the theories of quadratic forms and
determinants. An extension of the Schur-Weyl Duality for infinite groups will be dealt with for a certain
class of representations — locally regular representations — and will be the topic of interest for the second
part of this report.

A pivotal moment in the development of invariant theory was David Hilbert’s 1890 [12] proof of the
finite generation of invariant algebras, which played a crucial role in the emergence of abstract algebra. His
subsequent 1893 work [13] approached the problem from a more geometric perspective, though it remained
relatively obscure until David Mumford revived and significantly generalized these ideas in the 1960s through
geometric invariant theory. His ideas developed the modern framework of the study of algebraic group actions
on affine and projective varieties, linking invariant theory with contemporary algebraic geometry.

To illustrate the core ideas of classical invariant theory, consider a vector space V' and a group G — either
a finite group or a classical Lie group — acting linearly on V. This induces a corresponding action on the
polynomial function space R(V) on V by the formula g - f(v) = f(¢9~v), g € G,v € V. The subalgebra of
invariant functions under the “change of variable” due to the action of G consist of those f satisfying g- f = f
for all g € G. They form a commutative algebra denoted A = R(V)% and this algebra is interpreted as the
algebra of functions on the “invariant theory quotient” VG, because any one of these functions gives the
same value for all points that are equivalent (that is, f(v) = f(gv) for all g). In the language of modern
algebraic geometry, V//G = Spec A = Spec R(V)¢.

A fundamental question in invariant theory is whether the algebra A is finitely generated. Hilbert’s proof
[12] mentioned earlier established finite generation when G is the general linear group, ensuring that V)G
remains an affine algebraic variety. However, the broader question — whether finite generation holds for
arbitrary groups G — was posed as Hilbert’s 14th problem. Nagata later demonstrated that the answer is
negative in general [23], providing a counterexample.

Despite this, advances in representation theory during the early 20th century identified a large class of
groups, known as reductive groups, for which finite generation does hold. These include all finite groups
and classical matrix groups. The final section of this exposition will explore reductive groups, particularly
in relation to Howe duality. Howe Duality has strong ties with classical invariant theory, as discussed in
[14]. The Howe Duality also yields the local theta correspondence, which relates irreducible admissible
representations over a local field. There also exists a global theta correspondence, which relates irreducible
automorphic representations over a global field, that one can read more about in [7] or [24, §8.] for example.

Acknowledgements: The author would like to thank Dr. Beth Romano for her wonderful guidance in
introducing me to this topic and for our many fruitful conversations.



2 Schur-Weyl Duality

In this section, we describe the irreducible representations of the general linear group GL,(C) and the
symmetric group of d elements S;. We proceed to demonstrate a correspondence between the parametrisation
of isomorphism classes of irreducible representations of GL,,(C) on (C")®¢ with those of S; on (C")®4.

2.1 Irreducible representations of S; and GL,(C)

Recall that the symmetric group of d permutations S; has exactly as many irreducible representations as
it does conjugacy classes, and each conjugacy class is a cycle-type equivalence class. There is a one-to-
one canonical correspondence between the set of cycle-types and the ways to write n as the sum of positive
integers. A fundamental tool for studying the representations of Sy via this canonical bijection with partitions
is the Young Diagram, which is an array of boxes: for a given partition d = Ay + A2 + ... + Ax (which we
denote by A = (A1, A2, ..., Ax)) where \; > X\;4q for every 1 < i < k, we draw a row of A; boxes. Beneath
it, we draw a row of Ay boxes, and so on so forth so that the last row contains A; boxes and each row is as
long or shorter than the one above it. For more details, see [6, Chapter 4].

The irreducible representations of GL,, (C) are slightly less obvious. We will give a brief overview without
fleshing out any details and refer the reader to more comprehensive texts on the same topic, see [6, Chapter
15, §15.5] for complete details or [4, Appendix A] for a quick overview. First, we want to consider finite
dimensional representations (w,V) of G = GL,,(C), where 7 : G — GL(V) is a regular (or algebraic) map.
This means that we identify GL(V) with GL,,(C) (for some m) and let g = (¢;;) € G. Then 7(g) = (7(9)w1)
is a matrix. The regularity of (7, V') means that the matrix coefficients 7(g)y; are polynomials in g;; and
in det(g)~!. If det(g)~! does not appear, it is called a polynomial representation. Then, one can use the
theory of Lie algebras to derive the irreducible representations of GL,,(C).

Let T be the subgroup of G = GL, (C) consisting of diagonal matrices. A regular character of T is called
a weight. The group A of weights is called the weight lattice, which may be identified with Z™ as follows. If
A= (A1, .., \y) € Z™ 1 we use the notation

t .
t— Y, t= ;=]
t i=1
n

Let (m,V) be a representation of GL,(C). If A is a weight, then
Vw={veV|ntw=tn, teT}

is called the weight space of A. If V) # 0, then A is called the weight of the representation w. A weight
A= (A1y...,Ay) is called dominant if A\ > Ay > ... > A,. One can define a partial order on these set of
weights, denoted by say, =. A weight is mazimal for a representation 7 if A\ is a weight that is maximal
with respect to »=. If 7 is irreducible, we use highest weight if A is a maximal weight. Then, one can show
that there is a bijection between the set of isomorphism classes of irreducible representations of GL,,(C) and
highest weights ( [0, Proposition 15.47]).

One can go a step further by using Weyl’s unitary trick to show that every regular representation of
GL,,(C) is determined by its restriction to the unitary group U(n), whose continuous representations are clas-
sified by their characters, that are symmetric Laurent polynomials in n variables. Thus, algebraic represen-
tations of GL,,(C) are also determined by such characters. Then, by the Peter—Weyl Theorem and Cauchy’s

identity, irreducible polynomial representations of GL,(C) correspond to Schur polynomials—symmetric

GL,(C)

polynomials in n variables indexed by partitions.? For m = , the irreducible representation with

1This notation is suggestive... deja vu? However, note that here we allow negative integers for now.

2Finite dimensional representations of GLy, (C), both as an algebraic group or as a complex Lie group are indexed by n-tuples
A1 > A2 > ... > Ap. Such a representation is polynomial if and only if Ay > A2 > ... > A, > 0, in which case people often
think of this as a partition.



highest weight A, the Weyl character formula tells us that x,(g) := tr(w(g)) is a homogeneous polynomial
Sx = sg\n), which can be written as sx(t1,...,t,) = det(t*t7=1=7) /det(t! ' 77). These sy is are what we
called Schur polynomials (see [1, Appendix A.1] for more details).

We end this brief overview with the following Proposition:

Proposition 2.1. Let A be any dominant weight for GL,(C) that is a partition of d < n. Then, WSL"(C)

appears in the GL,,(C)-module (C™)®4,
Proof. See |1, Proposition A.7]. O

Essentially, the set of isomorphism classes of irreducible polynomial representations of GL,(C) can be
indexed by partitions. Given that both S; and GL,(C) have their irreducible representations indexed by
partitions of n (or d) might suggest to the reader that these two objects could speak to each other in some
sense.

2.2 Schur-Weyl Duality and Explicit Examples

The Schur-Weyl Duality (sometimes referred to as Frobenius-Schur Duality or Schur Duality) is a relationship
between the representation theory of G = GL,,(C) and Sy. Consider the defining module C™ of G. Both G
and S, act naturally on (C™)®?. G acts diagonally via

g- (11 ®...QV) =g 11RG-1V13R®...Q¢g " vg.
Sg4 acts by permuting the entries (we write this as a right action) as
(V1 ®...® V) - W= Vy(1) @ Vyy(2) @ -+ - @ Vyy(a)-

So, we may view (C™)®? as a (G x Sz)-module.

Theorem 2.2 (Schur-Weyl Duality). The GL,,(C) x Sy-module (C*)®? decomposes as follows:

((Cn)@d _ @WSL"(C) ® ﬂfd’
A

where X runs through the partitions of d of length < n; WSL”(C) is the irreducible representation of GL,,(C)

of highest weight . Wfd is the irreducible representation of Sy corresponding to the partition \. Fach
irreducible representation of GL,,(C) whose highest weight is a partition of d appears in this decomposition.
Moreover, if n > d, then every irreducible representation of Sq occurs in this decomposition exactly once.

The proof for Schur-Weyl Duality involves careful combinatorial calculations, so we postpone the proof
for later, where we prove it systematically and in more generality (c.f. Theorem 3.17).
This theorem yields not only the fact that the representation of GL,(C) x S breaks down into distinct

decomposable bits, but also the fact there is a correspondence within each bit Wfd — wSL"(C). This notion
of correspondence has been emphasized by Howe, as we will see in section 4.

Why is this correspondence special? If A and B are arbitrary groups, then knowing how a representation
V' decomposes as a representation of A, and separately how it decomposes as a representation of B, does
not in general determine its decomposition as a representation of A x B. This is because such information
does not specify how irreducibles of A pair with irreducibles of B.

A simple counterexample occurs if we consider A = B = Cj, the cyclic group of order 2, acting on a
two-dimensional vector space V. Suppose that, as a representation of either A or B, V decomposes as a
direct sum of the trivial representation 1 and the sign representation —1. In this case, V' could be isomorphic
to either

Ielh)e(-He(-1) o (Aa(=1)e(-1)x1),



and the separate decompositions do not determine which pairing occurs. More generally, such ambiguity
arises whenever A and B both admit non-isomorphic irreducible representations of the same dimension.

To overcome this, one can proceed as follows. If the action of A is understood, then V' admits a canonical
decomposition of the form

V =P V; @ Homa(V;, V),

where the V; are irreducible subrepresentations of A, and Hom 4 (V;, V) is the multiplicity space of V; in V.
Writing V' simply as a direct sum of several copies of the V; loses this canonical structure. We will see in the
next section that the advantage of this tensor product decomposition is that if the action of B commutes
with the action of A, then B naturally acts on each multiplicity space Hom 4 (V;, V), through which one can
recover the structure of V' as a representation of A x B.

We now compute a few explicit examples, illustrating the result of Theorem 2.2. In order to do so, we
introduce an element of the group algebra C[Sy], called the Young symmetriser cy, following [11, Chapter
9]. The Young symmetriser has a natural action on tensor products (C*)®? and has as image an irreducible
representation of GL,,(C), in other words, the Young symmetriser is a projection operator onto a GL,,(C)-
irreducible subspace of (C")®¢. For a Young diagram, number the boxes, say consecutively as shown?:

23\
5
7

’OO@»P»—!

Define two permutation subgroups as follows:
P, = {g € S4: g preserves each row of A} and Q) = {g € Sy : g preserves each column of \}.

So, in our above example, we would have elements in Py = {e, (123),(213), (45),(67)} and elements in
Qx = {e,(1468), (1486), (1864), (6418),...,(257),...}. Corresponding to these two subgroups, define two
vectors in the group algebra C[Sy] as

ay = Z eq, by = Z sgn(g)eg

gePy geEQ N

where ey is the unit vector corresponding to g and sgn(g) is the sign of the permutation. The product
cx = a)by is called the Young symmetriser corresponding to .

Example 2.3. Let d = 2 and n be integer greater than 1. Then, the partitions of d are given by A1 1) =
and \(g) = . Let v1,v2 € C™. So, ¢y, = c(1,1) = e1(e1 — e 2)) = €1 — e(1 2). Then,

(N®uv1) ey, =1 Qv —v1®v; =0

(Vi ®v2) - cx, =V1 QUa — V2 QU1

So, the image of cy, is given by the exterior product /\2 C". Similarly, for cx, = c(2), we have cy, =
e1 + e(1 2), and we obtain the image of cy, to be Sym?C”. Thus, C* @ C" = Sym*C" @ /\2 C™. Thus, the
space of two tensors decomposes into two parts — symmetric and anti-symmetric parts, each of which are
irreducible modules of GL,,(C). So, there is a duality between the trivial and signature representations of
Sy corresponding to the symmetric square and alternating square representations of GL,,(C). Thus, we have

(C)®2 = (Sym*C" @ triv) @ (/\2 Cr® sgn) .

3This is just a canonical numbering — one can number a tableau in any order with integers 1,...,d. If an ordering apart
from the canonical one was chosen, one would get different elements in place of Py and @), but the representations constructed
this way would be isomorphic.




Example 2.4. Let d = 3 and n > 2. Then, the partitions are given by A1 1,1) =

and )\(3) — .

Then, similar to Example 2.3, we obtain that the image of c(; 1,1y in CSy yields /\3 C™ and c(3) yields

Sym>®C™. For C(2,1), We compute ¢z 1) = (€1 + e 2y)(e1 — e 3)) = €1 — e 3) +€n 2) — € 3 2)- Then,

ce) (VM @V ®V) =11 QU OV — V1 QU @V + V1 QU Qv —v1 v ® vy =0
C2,1)(V1 @U2 ®V3) = V] AV @ V3 — V3 @ V2 D V1 + V2 DV @ V3 — V3 RV ® V2
c2,1) (11 ® V1 ®z) = 2(v1 @V ®v2) — 2 (v2 ® V1 ® V1)

C(2,1)(V1 @ V2 @ V1) = v2 ® U ® V1 — V1 @ V1 ® V2

c2,1) (V2 ® V1 ® V1) = V2 @V @V — V1 @ Vg @ Vg

Let us denote the space spanned by the image of c2,1) as Vio,1) = (V1 V2 QU3 — V3 QU ® V1 + V2 ® V1 QU3 —
V3 ® V1 ® V2,V3 ® V] @ V1 — U1 ® U2 @ ve). Furthermore, we know that the irreducible representations of S3
are the one-dimensional trivial representation, one-dimensional sign representation and the two-dimensional

standard representation. Thus, (C")®3 2 (Sym®C" ® triv) & (V(g,1) ® std) @ (/\3 C"® sgn).

3 General Duality Theorem

The Schur-Weyl Duality gave us a correspondence between the irreducible representations of Sy and irre-
ducible polynomial representations of GL,,(C). It is however not true that we can obtain such a correspon-
dence for all representations of GL,,(C), or any arbitrary group. So, if we wish to generalise this duality, we
need to work with specific types of groups and representations. We largely follow the exposition in [11].

3.1 Reductive groups

Definition 3.1. A subgroup G C GL,(C) is a linear algebraic group is there if a set of polynomial functions
A on M, (C) such that G = {g € GL,,(C) : f(g) =0 for all f € A}. For example
(i) A=det(g) —1 =0, then G = SL,(C).
(ii) A =x;; =0 for every i # j then G =T, the set of diagonal matrices.
(iii) x;; =0 for all ¢ > j, then G = B the Borel subgroup consisting of upper triangular matrices.

As mentioned in §2.1, for G = GL,(C), the algebra of regular functions is defined as O[GL,,(C)] =
Clz11, 712, - -+, Tpn, det(x) 1], For GL(V), we let ¢ : GL(V) — GL,(C) be a group isomorphism defined in
terms of a basis for V. The algebra O[GL(V)] of regular functions is all functions f o ¢, where f is regular
on GL,(C). Similarly, if G C GL(V) is an algebraic subgroup, then a complex valued function f on G is
regular if it is the restriction to G of a regular function on GL(V').

We can also define regular maps — let G and H be linear algebraic groups and let ¢ : G — H be a map.
For f € O[H], define the function ¢*(f) on G by ¢*(f)(9) = f(p(g)). We say that ¢ is a regular map if
©*(O[H]) € O[G].

Surprise, we can also define regular representations; but before we get there, we need to specify what we
mean by an algebraic group homomorphism. A map ¢ : G — H is an algebraic group homomorphism if it is
a group homomorphism that is also a regular map. A representation of a linear algebraic group G is a pair
(p, V) that is an algebraic group homomorphism.

Definition 3.2. If the dimension of V is finite, a representation is regular if the functions on G, G — C;
g — (v*, p(g)v), called matriz coefficients, are regular for every v € V and v* € V* (here (v*,v) := v*(v)).



Regular representations are also called rational representations since each matrix coefficient is a rational
function of the matrix entries of g.*

It so happens that these rational representations for most groups one encounters (think finite groups and
classical groups), have a really nice property — namely that of complete reducibility. A rational representation
(p, V) of a linear algebraic group G is completely reducible if for every G-invariant subspace W C V| there
exists a G invariant subspace U C V such that V =W @ U. To reflect this property, we have the following
definition:

Definition 3.3. A linear algebraic group G is a reductive group if every rational representation (p, V') of G
is completely reducible.

One can think of reductiveness as the analogue of complete reducibility of compact Lie groups. The proof
of the fact that classical groups are reductive can be found in [11, §3.3.1].

But, what if the representation V' of any linear algebraic group is infinite dimensional? Not all hope is
lost, for then we have the notion of locally regular representations.

Definition 3.4. If dimension of V is infinite, then (p, V) is a locally regular representation if every finite
dimensional subspace £ C V is contained in a finite-dimensional G-invariant subspace F' such that the
restriction of p to F' is regular.

3.2 Representation theory of linear algebraic groups

In this section, we record some fundamental results in the representation theory of linear algebraic groups.
Before we begin, we generalise the set up to work over associative algebras over C.

Definition 3.5. An associative algebra over the complex field C is a vector space A over C together with a
bilinear multiplication map
prAxA— A  xyery = p(,y)

such that (xy)z = x(yz). We will always assume our algebra has an identity element.

Definition 3.6. A representation, or module, of A is a pair (p, V) where p : A — End(V) is an algebra
homomorphism.

When the map p is understood from context, we shall call V' an A-module. We say a vector space V has
countable dimension if the cardinality of every linearly independent set of V' is countable. Schur’s lemma
asserts the only A-module homomorphisms between two irreducible (possibly infinite-dimensional but with
countable dimension) representations are multiplication by scalars (c.f. [11, Lemma 4.1.4 |).

Definition 3.7. Let (p,V) and (7, W) be two representations of A and let Hom(V, W) be the space of
C-linear maps from V to W. We denote by Hom4(V, W) to be the set of all T € Hom(V, W) such that
Tp(a) = 7(a)T for all a € A. Such a map is called an intertwining operator between two representations or
a module homomorphism.

Definition 3.8. An A-module (possibly infinite dimensional) is irreducible if the only submodules are {0}
and A.

Definition 3.9. A finite-dimensional A-module V is completely reducible if for every A-invariant subspace
W C V, there exists a complementary A-invariant subspace U such that V =W @ U.

We state a proposition that gives some equivalent characterisations of complete reducibility:

Proposition 3.10. For a finite-dimensional representation (p,V'), the following are equivalent:

4If you’re wondering if the name suggests something analogous to the regular representation you studied about in your first
course on representation theory, then you are correct. Every finite-dimensional representation of a linear algebraic group G
arises as a subrepresentation of a direct sum of copies of the regular representation (Corollary 4.13 [19]).



(i) (p,V) is completely reducible.

(i) V+W @ ... 0 W, with each W; an irreducible A-module.
(iti) V. =Vi 4+ ...+ Vg as a vector space, where each V; is an irreducible A-submodule.
Furthermore, if all the V; in (i) are equivalent to a single irreducible A-module W, then every A-submodule
of V' is isomorphic to a direct sum of copies of W.

We can also extend this notion of complete reducibility to infinite dimensional vector spaces.

Definition 3.11. An A-module is locally completely reducible if for every v € V', the cyclic submodule A - v
is finite-dimensional and completely reducible.

Now, we wish to characterise the decomposition of these locally completely reducible representations.
Let A denote the set of all equivalence classes of finite-dimensional irreducible .A-modules. Suppose V' is an
A-module. For each A € A, define the A-isotypic subspace to be

V= >, U

UCV,[U]=A

where [U] denotes the equivalence class of all A-submodules equal to U. Let F* denote a representative for
each A € A. Then, there is a tautological map

Syt Homy(FA V)@ FA =V, S\(u®wv) = u(v).

We can make Hom 4 (F?,V) an A-module by defining z - (u ® v) = u® (z - v). Then, S is an intertwining
map.

Proposition 3.12. ([/1, Proposition 4.1.15]) Let V be a locally completely reducible A-module. Then, Sy
is an A-module isomorphism onto V(). Furthermore,

V @ Vi = @ Hom (F*, V) ® FA.
Ae A AeA

This proposition is what enables us to decompose our representation when we discuss the general duality
theorem for group representations in §3.3.

Proof. If U C V is an A-invariant finite-dimensional irreducible subspace with [U] = A, then there exists
u € Homy(F*, V) such that Range(u) = U. Hence Sy is surjective. To show S, is injective, let u; €
Hom4(F*,V) and w; € F? for 1 <i < k, and suppose that >, u;(w;) = 0. We may assume that {wy,...w;}
are linearly independent and that u; # 0 for all 4. Fix an i. Let W = uy (F?) + ... 4+ ux(F*). Then W is a
finite-dimensional A-submodule of V). Hence by Proposition 3.10, W = W1 @©...®W,, with W; irreducible
and [W;] = \. Let ¢; : W — F* be the projection onto the subspace W;. Then ¢; ou; € End4(F*). Thus
@; ou; = ¢;;I with ¢;; € C (Schur’s Lemma), and we have

0= Zgajuz(wz) = Zcijwi forj=1,...,m.
Since {ws,...,wy} are linearly independent, we conclude that ¢;; = 0. Hence, the projection of Range(u;;)
onto W is zero for 1 < 5 < m. This implies that u; = 0, proving injectivity of Sy.

The definition of local complete reducibility implies that V' is spanned by the spaces V()), A € A. So,
it remains to prove that these spaces are linearly independent. Fix distinct classes {\1,...,Aq} C A such
that V() # {0}. We will prove via induction on d that the sum E = V) + ... + WV, is direct. If
d = 1, there is nothing to prove. Let d > 1 and assume that the result holds for d — 1 summands. Set
U=Voy+.-.-+ Vo) Then E=U+V,,)yand U =V,)®...® V(,,_,) by the induction hypothesis.
For i < d, let p; : U — U(y,) be the projection corresponding to this direct sum decomposition. Suppose for



the sake of contradiction, that there exists a non-zero vector v € U NV, ). The A-submodule Av of V).
is then non-zero, finite-dimensional, and completely reducible. Hence by the last part of Proposition 3.10,
there is a decomposition

Av=W1&...®W,, with [W,] = A\g. (1)

On the other hand, since Av C U, there must exist an ¢ < d such that p;(Av) is non-zero. But Proposition
3.10 then implies that p;(Av) is a direct sum of irreducible modules of type A;. Since A\; # A4, this contradicts
(1), by Schur’s Lemma. hence U NV(,,) = (0), and we have =V, )y @ ... ®© V),

O

We now move forward with other fundamental results in the representation theory of linear algebraic
groups, which will be used in the proof of the Duality Theorem.

Theorem 3.13 (Jacobson Density Theorem). Let V' be a countable-dimensional vector space over C. Let
R be a subalgebra of End(V') that acts irreducibly on V. If vyi,...,v, are linearly independent in V, then,
for any w1 ..., wy, inV, there exists T € R such that Tv; = w; for all 1 <i<mn.

Proof. See [11, Theorem 4.1.5].

Another important theorem in the theory is the Double Centraliser Theorem.

Definition 3.14. Let V be a vector space. For any subset S C End(V'), we define Cent(S) := {z € End(V) :
xs = sz for all s € S}.

Clearly, Cent(Cent(S)) 2 S, but it is not clear when one can say that the two sets are equal. The Double
Centraliser Theorem gives conditions under which this equality occurs.

Theorem 3.15 (Double Centraliser Theorem). Suppose A C End(V') is an associative algebra with identity
Iv. Set B = Cent(A). If V is a completely reducible A-module, then Cent(B) = A.

Notation. If V' is a complex vector space, v; € V, and T € End(V), then we write

VP —Vae...oV and Ty, ... 0,] = [Tvy,...,Tv,).
————

n times
The proof of the theorem involves using the following lemma which we state without proof.

Lemma 3.16. ([11, Corollary 4.1.12]) Suppose (p, V) and (1, W) are completely reducible representations
of A, then (p® 7,V @ W) is a completely reducible representation.

Proof of Theorem 3.15. We know that Cent(B) O A. Fix a basis {v1,...,v,} in V. In order to show
containment in the other direction, it would suffice to show that for any 7' € Cent(B), there exists an element
S € A such that Sv; = Tw; forall 1 <i<n. Let wog =v1 ® ... ®v, € V. Since V(™ is a completely
reducible A-module by Lemma 3.16, the cyclic submodule M = A - wy has an A-invariant complement. So,
there is a projection P : V(") — M that commutes with A. The action of P is given by an n x n matrix [pij]
where p;; € B. As Pwy = w and T'p;; = p;; T, we have P(Tv1%...6Tv,) = Tvi®...@Tv, € M. So, by the
definition of M which is a cyclic submodule, there exists an S € A such that Sv1&...®Sv, = Tv1&...6Tv,.
This means that 7' =S, and so we are done. O

3.3 Duality Theorem

Let G C GL,(C) be a reductive linear algebraic group. Let G denote the set of equivalence classes of the
irreducible regular representations of G, and fix a representation (7, F*) for each \ € G. Let Lbe a locally
regular representation. We hope to apply Proposition 3.12 to our case. We can define an associative group
algebra A[G| of G as follows: as a vector space, A[G] is the set of all functions f : G — C such that support



of f is finite. One can define the set of functions {0, : ¢ € G} where d4(z) = 1if = g, and d4(z) = 0
otherwise. Thus, every element x of A[G] has a unique expression as a formal sum /., 2(g)dg. Given
x,y € A[G], we can define a convolution product z * y by

> x(g)d, | * <Z y(h)5h> = > z(g)y(h)dgn.

geG heG g,heG

Then, one can show that representations and modules over the group algebra are essentially the same thing.

Given the bijection between representations of G and A[G]-modules, one can see that if G is a reductive
group, then a locally regular representation (p, L) of G is a locally completely reducible A[G]-module. This is
because for any v € L, since v is locally regular, we have A[G]-v C W for some G-invariant subspace W C V.
As A[G]-v C A[G]-W C W, the cyclic module A[G]-v is regular, and in particular finite-dimensional. As G
is reductive, A[G]-v is completely reducible. Further, we need to check that the irreducible A[G]-submodules
are of L are irreducible regular representations of G. To see this, let V' C L be one such G-invariant subspace
that is irreducible. We wish to show that (p |y, V) is a regular representation of G. Indeed, as L is locally
regular, there exists a subspace W C L such that V' C X and p |w is regular. After a change of basis,
we can write p |y as a submatrix of p |, so p |y must be regular. Thus, by Proposition 3.12, we have as
A|G]-modules

L= P Homyge(F* L)@ F*
AESpec(p)

where Spec(p) C G denotes the set of irreducible representation classes that appears in L, and g € G acts in
L via I ® 7 (g) on the summand for \.
Now, assume R C End(L) is a subalgebra such that
(i) R acts irreducibly on L,
(ii) if g € G and T € R, then p(g9)Tp(g)~' € R (so G acts on R), and
(iii) the representation of G on R in (ii) is locally regular.

Remark. If dim L < oo, then End(L) is the only option for R. If L is infinite-dimensional, then there may
exist many such algebras.

Let RY = {T € R: p(g)T = Tp(g) for all g € G}. Since the action of R commutes with that of A[G],
we have a representation of (R x A[G]) on L. The duality theorem describes the decomposition of this
representation.

Let E* = Homg(F*, L) for A € Spec(p). Then, E* is a module for R® in a natural way as we can
define an action of R on the component E* by T -u = T ou for T € R®, u € Homg(F*, L). Indeed, for
uwe EMxeL,ge G, we have

(Tu)(m(9)x) = T(u(m(9))) = T(p(g)u(x)) = p(g)(Tu(x)),

so Tu € E*. Note that this action is compatible with the action of R C R on L, since for any T' € RY,
the following diagram commutes:

Homg(F*, L) @ FA =2 [

rei] s

Homg (F*, L) @ F> -2 [

Hence, as a module for R% ® A[G], L decomposes as

L= P FEor.
AESpec(p)
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Theorem 3.17 (Duality). With the above setup, for each X € Spec(p), E* is an irreducible RS -module. If
EA = EBF as RE-modules, then A = fu.

The duality theorem plays a central role in the representation and invariant theory of the classical groups.
Here is an immediate consequence.

Corollary 3.18 (Duality Correspondence). Let o be the representation of R® on L and let Spec(o) denote
the set of equivalence classes of the irreducible representations {E*} on the algebra RE that occur in L.
Then, the following hold:
(i) The representation (o, L) is a direct sum of irreducible R® modules, and each irreducible submodule
E* occurs with finite multiplicity dim FA.
(ii) The map F* — E* sets up a bijection between Spec(p) and Spec(o).

The proof of the duality theorem requires the following lemma.
Lemma 3.19. Let X C L be a finite-dimensional G-invariant subspace of L. Then, Homg (X, L) = RY |x.

Proof. Clearly, R® |xC Homg(X, L), so we only need to show the other direction. Let T € Homg (X, L).
Let {v1,...,v,} be a basis for X. Since R acts irreducibly on L (this is assumption (i) of R), by Jacobson’s
Density Theorem (Theorem 3.13), there exists an r € R such that Tv; = rv; for all 1 < ¢ < n. Hence
T = r |x. By the hypothesis, the action of G on R by conjugation is locally regular (this is assumption
(ii),(iii) of R). By Proposition 3.12, there exists a G-intertwining projection p : R — R¢. Since the
restriction R — Hom(X, L) also commutes with G actions, as X is G-invariant, we have T = p(r) |x. O

Proof of Theorem 3.17. First, we show that E* = Homg(F*, L) is irreducible under the action of RY. Let
T,S € Homg(F*, L), be non-zero elements, and we look for » € RY such that 7oT = S. Note that by Schur’s
Lemma, TF?» and SF? are isomorphic irreducible representations of G' with class A\. By Lemma 3.19 (by
setting X = TF)), there exists r € R such that r | x gives such an isomorphism. Thus, roT : F* — SF}isa
G-module isomorphism. By Schur’s Lemma ([11, Lemma 4.1.4]), there exists ¢ € C* such that r |x oT = ¢S.
Hence the action of ¢=!r sends T to S.

Now, suppose A # p for A, € Spec(p). Suppose ¢ : Homg(F*, L) — Homg(F*, L) is an R%-module
map. We will show ¢ = 0. Let T' € Homg (F*, L) and set S = ¢(T). Let U = TF* + SF*. Since A # p, this
sum is direct. Let p : U — SF* be the projection relative to such direct sum decomposition. By Lemma

3.19, there exists 7 € RE such that r lu=p. AspoT : J QRSN RNy AT 0, we have r oT = 0. Then
rS=rp(T)=¢(rT)=0. ButrS=pS=5,s5=0. O

Clearly, the Schur-Weyl Duality follows as a result of Theorem 3.17. By setting G = GL,,(C), L = (C™)®4,
R = End(L) given by the natural action of G x Sy on (C")®?, we obtain

e @ mer,
XeSC@

where F) denotes an irreducible regular representation of GL, (C) with highest weight \, and Eé‘ denotes an
irreducible representation of S; determined by A. The set S of highest weights A that appear in the above
decomposition are the partitions of d of length < n, as described in §2.1.

4 Howe Duality

The theory presented in the previous sections implicitly assumes that all our groups exist over the complex
numbers C (as A was defined over C). However, as every number-theorist knows, C is boring®. So, we
work with groups defined over local fields instead (the representation V is still over C, though). There still
exists a concept of “reductive” groups, and instead of regular representations, we work with “smooth” and
“admissible” representations instead. The first section hopes to provide a brief background on this new class
of representations.

50r “beautiful, but well understood”, as some others might suggest.
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4.1 Smooth representations
In this section, we work with a non-Archimedean local field F', with unique maximal ideal p.
Definition 4.1. A profinite group is the inverse limit of a system of finite groups.

Definition 4.2. A locally profinite group is a topological group G such that every open neighbourhood of
the identity in G contains a compact open subgroup of G.

Example 4.3. (i) The additive group F: p™ for each n > 1 are compact open subgroups in F.

(ii) The multiplicative group F*: the congruence unit groups Ug = 1 + p™,n > 1 are compact open
subgroups.

(iii) The vector space F™ = F x ... x F carries product topology, relative to which it is a locally profi-
nite group. A special case is the matrix ring M, (F') is locally profinite under addition, in which
multiplication is continuous.

(iv) The group G = GL,,(F) is the group of invertible matrices which is an open subset of M, (F'); inversion
is continuous so G is a topological group. The subgroups

K =GL,(0p), K;=14p'M,(Op),j>1
are compact open and form a fundamental basis around 1 in GL,,(F).

With these groups defined, we now wish to consider its representations. In the previous section, we
considered a specific subset of representations, namely locally regular representations, which yielded some
significant and non-trivial results. We wish to find another analogous property for representations of these
profinite groups.

Our profinite groups have a topology coming from the non-Archimedean topology on F', and we wish to
leverage that. So, instead of considering abstract representations of the profinite group, we consider represen-
tations with certain continuity conditions. The most naive way to do so would be to ask the homomorphism
m: G — GL(V) to be continuous. The problem here is that V' is usually not finite-dimensional, so there is
no clear choice of a topology on GL(V). So we rephrase this, by fixing a v € V and asking the function
G — V : g+ m(g)v to satisfy a continuity condition. Again, the correct topology on V' is unclear since it is
infinite-dimensional. So, we just give it the discrete topology. Thus, a representation (m, V') is smooth if for
any v € V the function G — V : g — 7(g)v is locally constant. Thus, we have the following definition:

Definition 4.4. Let G be a locally profinite group and let (7, V') be a representation of G. The representation
(m,V) is smooth if for all v € V, there exists a compact open subgroup K of G (depending on v) such that
m(x)v = v for all x € K. Equivalently,

v=[J V¥

Kca
where K ranges over compact open subgroups of G and V¥ denotes 7(K)-fixed vectors in V.
One indication that the above is a good definition is that when V is finite-dimensional, (7, V) being

smooth is in fact equivalent to 7: G — GL(V') being continuous, where GL(V') carries the usual Archimedean
topology.

Definition 4.5. A smooth representation (,V) is called admissible if the space VE is finite-dimensional,
for each compact open subgroup K of G.

Admissibility ensures that most questions about the representation V can, in some sense, be reduced to
questions about finite-dimensional spaces.
Similar to Proposition 3.10, there are some equivalent conditions for irreducibility.

Proposition 4.6. Let G be a locally profinite group, and let (w, V) be a smooth representation of G. The
following conditions are equivalent:

12



(i) V is the sum of its irreducible G-subspaces;
(i) V is the direct sum of a family of irreducible G-subspaces;
(iti) any G-subspace of V' has a G-complement in'V .

Proof. See [5, Chapter I §2.2 Proposition]. O

We say that V' is G-semisimple if it satisfies the criteria of the above proposition. If G is a locally profinite
group, then G can have many representations that are not semisimple. However, if G is locally profinite, K
is compact open subgroup and if V' is smooth, then V is K-semisimple (See Chapter I §2.2 Lemma [5]).

We state a lemma on irreducible admissible representations that shall be used in §4.4.

Lemma 4.7. (/22, Chapitre 2 III.J Lemme|) Let G1,Gs be two locally profinite groups. Let (w1, V1) be
an irreducible admissible representation of Gy, (w,V) a smooth representation of G1 x Ga. Suppose that
(s ker(g) = {0} where f runs through Homg, (V1,V2). Then there exists a smooth representation (w2, V2) of
Go unique up to isomorphism such that m = 71 ® ma.

/

Proof. (Sketch) First, one shows that given two locally profinite groups G}, G5 with (7], Vy) an irreducible
admissible representation of G, (75, Vy) a smooth representation of G4, V' a G} x Gh-invariant subspace
of V{ ® V4, there exists a Gh-invariant subspace V' C V4 such that V' = V/ @ VJ’. After proving this, we
proceed as follows. For a Gi-submodule U, one considers the largest quotient on which G; acts trivially,
denoted by U[G4]. Then, one can set VJ’ = (Vi ® V)[G1], where V is the contragradient representation, and
show that V injects into V; ® V3’ as a G1 x Gz-module using the theory of Hecke algebras. Then, using the
first fact, one obtains the required representation (s, V2). For more details, see [22]. O

Now, we introduce some invariant measures on the space of locally profinite groups. Let G be a locally
profinite group. Define the support of a function f : G — C to be {g € G : g(h) # 0}. Let C°(G) be the set
of functions f : G — C that are locally constant and of compact support (i.e., the support of f is a compact
set). The group G acts on C°(G) by left translation X\ and by right translation p:

Nf rxe—glg™@), pof w— flzg), w,9€G, fe€CF(G).
Both the G-representations (C°(G), \) and (C2°(G), p) are smooth.

Definition 4.8. A right Haar integral on G is a non-zero linear functional I : C°(G) — C such that

(1) I(pgf) =1(f),9 € G, f € CZ(G), and
(ii) I(f) >0 for any f € C°(G), f > 0.

One can define a left Haar integral similarly, using left translation A instead of a right translation.
Further, one can show that G possesses a right Haar integral that is essentially unique, see [5, Chapter 1
§3.2 Proposition].

Definition 4.9. Let I be a left Haar integral on G and let S # @ be a compact open set. Set I's to be
the characteristic function of S. We define ug(S) = I(T's). Then p(G)(S) > 0 and satisfies pg(gS) =
ua(S),g € G. We refer to ug as the left Haar measure on G.

Notation. The relation with the integral is expressed via the notation

1(f) = /G f@)ducle). feCE(G).

Often, the following shorthand will also be used:
[ rst)f@auc@)a) = [ e,

For more detail on the Haar measure and its properties, see [5, Chapter 1 §3].
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4.2 The Heisenberg group

We begin this section with the following hypothesis: Let F' be our non-Archimedean local field and assume
that all our representations are over C and smooth.

We will denote by S(W) the space of all locally constant compactly supported functions on any vector
space W (also called the Schwartz space, denoted as C°(W) in the previous section).

Definition 4.10. Let W be a finite-dimensional vector space over dimension 2n over F' with non-degenerate
alternating form ( , ). Such a vector space is called a symplectic space.

Definition 4.11. A central extension of a group G by A is a short exact sequence of groups
1—A—F—G—1

such that A C Z(FE), where Z(FE) is the centre of E.

Definition 4.12. A totally isotropic subspace of a vector space is a vector subspace on which the bilinear
form vanishes.

Definition 4.13. Let W be a symplectic space. The Heisenberg group H(W') is a non-trivial central
extension of W by F' and is defined to be the group of pairs H(W) := W @ F = {(w,t) : w € W,t € F} with
the law of multiplication

1
(wy,t1) - (we,t2) = <w1 + wa, t1 +t2—|—2<w1,w2>) . (2)

H(W) is a locally profinite group. To see this, note that H(W) = W @ F 2 F>" o F = Hfgfl Fi as
vector spaces. As the product of open sets is open and the product of compact sets is compact in the product
topology, we have that every open neighbourhood of 0 X ... x 0 contains an open compact set (as each copy
of F is locally profinite as in Example 4.3). To see that this compact set is indeed a subgroup, note that the
multiplication defined above is still closed in this set, as for 2 € p* and y € p™, k > m we have z +y € p™
and p* C p™. So, if needed, we may take our compact set to be p™ x ... x p™ for the smallest such m where

this addition stays closed. We state some other straightforward facts about the Heisenberg group:

1. There is an exact sequence 0 — F — H(W) — W — 0.
2. The commutator subgroup is equal to the centre which is F, i.e., [H(W),HW)| = Z(H(W)) = F.
3. All one-dimensional representations of W factor through H(W).

The goal is to construct infinite-dimensional smooth representations of H(W). The first representation
we construct is called the Schrédinger representation, which has many applications in physics.

Fix a decomposition W = W1 & Wy where W7, W5 are maximal totally isotropic subspaces of W. Such
a decomposition will be called a complete polarisation of W. Let ¢ : F — H(W) denote the injection
¢(t) — (0,t). Let 6 : W — H(W) denote the injection é(w) — (w,0). Let ¢ be an additive character of F.
Define the representation py of H(W) on S(W7) as follows:

py(wi)f(z) = f(x+wi), feSWi),z,w €W,
py(w2) f(x) = ((z,w2)) f(z), f€SWi),x € Wi,ws €W (3)
py(t) f(x) = () f(z), te€FxeW

Note that this does describe an action on H (W), as any element in w € W = W; @ W; can be written
as wy + wy. Then, for any ¢t € F, we have (w,t) = (wy + wa,t), which implies (wy,0) - (w2,0) - (0,t) =
(w1 + wa, t + 1/2(w1,w2)). So, py((w,s)) = py(wr)py(w2)py(t) where t = s — 1/2(wy, ws) and each py, is
given by (3).

We can construct some more general representations of H(W). Let A C W be a closed subgroup. Let
At ={ye W :9y((x,y)) =1 for all z € A} and assume A = A+. Examples of subspaces with this property
include:

14



(i) A=W, a maximal totally isotropic subspace of W.
(i) A=L =" ,0pe;®) i, Opf; where {¢;, f;} is a symplectic basis of W i.e., (e;,e;) =0, (f;, f;) =0,
(s, f;) = 0i5, and Op is the ring of integers for F.
Define the subgroup Ap = A x FF C H(W).We can extend ¢ of F to Ar by ¥((a,t)) = ¢(t) for all
a€ At € F. Indeed, as A = A+, we have

(al,tl) . (ag,tg) = (a1 +az,t1 +1t2 + 1/2(a1,a2>) = ((11 + ag,t1 + tg)
= ¥((a1,01))¥((az, t2)) = Y(t1)Y(t2) = ¥((a1 + az, t1 +12))

80 1 is a homomorphism on Ap. Fix such an extension and call it 4.
Then, let S4 denote the space of function on H(W) such that

(i) f(ah) =va(a)f(h) for all a € Ap,h € H(W),
(ii) f(hl) = f(h) for alll € L, a lattice in W, and h € H(W).

Then, S4 is compactly supported modulo Ap. H(W) acts on S4 via right translations and this repre-
sentation is smooth because of (ii).

We have now constructed many examples of smooth representations of H (W) on which the centre acts
via 1. Perhaps to the reader’s relief — or dismay — it turns out that all these representations are isomorphic.
A foundational result by Stone and von Neumann goes as follows:

Theorem 4.14. Up to isomorphism, there exists a unique smooth irreducible representation py,S) of H(W)
with central character v, i.e., such that py((0,t)) = ¥(t) - ids.

Proof. |22, Chapitre 2, Theoreme 1.2 pp 28-31]. O

The theorem implies that each character determines a unique isomorphism class of representations, so
there is limited variety at the level of isomorphism classes, as characters are well understood. However, within
a given isomorphism class, there are still things of interest. Although the representations are isomorphic,
they may admit multiple, distinct constructions. Thus, the focus shifts to understanding the various ways
in which a given representation can be realised. We will refer to these as models of (py,.S).

4.3 The Metaplectic group and the Weil representation

We begin with the symplectic vector space (W, (, )) of dimension 2n over a non-Archimedean local field of
characteristic not equal to 2. Consider the symplectic group over W i.e.,

Sp(W) = {g € GL(W) : (gz, gy) = (z,9)}.

Then, Sp(W) acts on Aut(H(W)) by g- (w,t) = (¢ - w,t). The action is trivial on the centre of H(W') = F.
The representation (pi), S) given by pi(h) = py(gh) again has central character ¢ and so is isomorphic to
(py,S) by Stone-von Neumann. Now, let g € Sp(W). Fix a Haar measure on the vector space W/ker(1 —g).
Omne can check that the function on W give by w — ¢ ({w,g - w)/2) is constant on the classes modulo
ker(1 — g). Recall that 6 : W — H(W) denotes the injection §(w) = (w, 0).

If F is a finite, one can define an endomorphism M, or M(g), on S by

s | B((w,g-w)/2py(60 (1 —g) - w)s duw
W/ker(1—g)

for all s € S. If F is a local field, let L be a ring in W/ker(1 — g). For s € S, we define an element Mys € S
by

Mys = / B((w,g - w)/2)py(F 0 (1—g) - w)s duw.

This map M (g) satisfies some properties:
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Lemma 4.15. For all s € S, there exists a lattice Ly C W/ker(1 — g) and an element Ms € S such that if
i) L is a lattice in in W/ker(1 — g), ii) Ly C L, then Mps = Ms .

Proof. See [22, Chapitre 2 I1.2 Lemme]. O
Lemma 4.16. For all g € Sp(W), h € H(W), we have
M(g)py(h) = py(gh)M(g). (4)
Proof. Let M = M (g), and suppose h = é(wy), and s € S. For a sufficiently large lattice L, we have
Py (6(gwo))Ms = py(6(gwo))Mrs
_ / bl(w, g w)[2)py (5(gw)d o (1 — gJw)s dw.

As
6(gwo)d o (1 = g)w = d(gwo + (1 — g)w)(({gwo, (1 — g)w)/2)
=6((1 — g)(w — wo) + wo)¢({gwo, (1 — g)w)/2)
= 6(1 — g)(w — wo)d(wo){((gwo, (1 — g)w) /2 + (wo, (1 — g)(w — wo))),
and
{(w, gw) + {gwg, (1 — g)w) + (wo, (1 — g)(w — wp)) = (w — wy, glw — wy)),
we have

py(6(gwo)) M's = / P((w = wo, g(w — wo) /w)py(d o (1 = g)(w — wo))py (dwo)s dw.
L
For L sufficiently large, we may assume wgy € L. On carrying out a change of variable w —wg ~» w, the right

hand side becomes M, o py(6(wp))s. For L sufficiently large, by Lemma 4.15, this is M (g) o py (h). O

Essentially, we have constructed an automorphism M(g) : S — S such that
M(g)py(h)M(g)~" = py(gh) = p,(R).

M (g) is only unique up to a scalar in C*, so M (g1)M (g2) # M(g19>). However, we can define a projective
representation

Sp(W) — PGL(S) = GL(S)/C*, g~ M(g).
As one tends to with projective representations, we attempt to “de-projectivise” it.

Definition 4.17. The metaplectic group is defined to be

—_~—

Sp(IV),, = Mp(W) = {(g, M(g)) € Sp(W) x GL(S) : (4) holds }.
Definition 4.18. The metaplectic group sits in the central extension
1 —C* — Mp(W)y — Sp(W) — 1,

such that M may be lifted to a representation wy of Mp(W), that is wy((g, M(g))) = M(g). This genuine
representation is called the Weil representation, the metaplectic representation or the oscillator representa-
tion.S

61f you have ever wondered how multiple names for the same object arise, in the words of Howe, “Until now, this representation
has enjoyed a rather ad hoc name ‘Weil Representation’. However, in view of the increasing evidence that it is fundamental
object [...], I am so bold as to attempt to rechristen it: in this paper we shall refer to this representation as the oscillator
representation.” - [16]
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Given that there are many explicit realisations of the representation (py,.5), there are many explicit real-
isations of the Weil representation as well. We will give an explicit description of the lattice and Schrédinger
model of the Weil representation.

For the Schrodinger model, we let W = W; @ W5 be a complete polarisation. Let elements in Sp(W)
be written as matrices with respect to a basis {e1,...,en, f1,..., fn} where e; € Wy and f; € Wy and
(€i, fi) = 0i;. The generators of Sp(IV) are given by

) (S‘ tA0_1>, A e GLOWY).
(i) (Ig i) B =B,

(iif) (_(} Ig)

Then, the action of these generators in the Weil representation on S(W7) is given by
A 0
oo (5 ealn) S0 =l den a2 0 aa)

oo (3 F)r0=0(250) s

oo (U o) f@1 =150

where .
fla) = - fy (Z xi%) dy,
=1

v is an eighth root of unity, f(z) is the Fourier transform and the Haar measure dy is chosen so that
f(x) = f(—x). For more details, see [21, §2].

For the lattice model, let A be a finitely generated Or-module of maximal rank in W such that A = A+,
Then, in the lattice model, we have (g, M(g)) € Mp(W) acting on f € S(W) as

o N = Y o () s e ).
a€A/gANA
4.4 Reductive dual pairs and the Local Theta Correspondence

In this section, we define a reductive dual pair. We follow the exposition given in Howe’s unpublished notes
on the algebraic preliminaries of the oscillator representation [15].

Definition 4.19. Let T" be a group and let (G, G’) be a pair of subgroups in I'. We will say (G,G’) form a
dual pair of subgroups of T' if G is the centraliser in ' of G’ and vice-versa.

Note that one can find an abundance of dual pairs. For example, let G C I" be any subgroup. Then, set
G’ = Centr(G) and G” = Centr(G’). Then, (G',G") is a dual pair in T
We can refine the concept further when I' = Sp(WW).

Definition 4.20. A reductive dual pair (G,G’) in Sp(W) is a pair of subgroups G, G’ in Sp(W) such that
G and G’ are reductive groups and

Centsp(w) (G) = G’ and Centsp(w)(G’) =G.
Some examples of reductive dual pairs include:

(i) (Sp(W),{£1lw}), a trivial example (Type I).
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(ii) Let e be a standard basis for W as in §4.2, and let T be the subgroup of Sp(W) which acts diagonally
with respect to this basis. Then Centgyw)(T') = T, so that (T, T) is a reductive dual pair (Type II).

(i) If (G1,GY) and Ga, GY) are dual pairs in Sp(W7) and Sp(W3), then (G1 x G2, G} x G%) is a reductive
dual pair in Sp(W; & Wa).

Definition 4.21. A reductive dual pair (G,G’) in Sp(W) will be called irreducible if one cannot decompose
W as the direct sum of two symplectic subspaces, each of which is invariant under both G and G’.

We know pretty much everything one can know about irreducible dual pairs. They can be explicitly
constructed in only two ways, that we describe below, following the exposition in [16, pp. 26-28].

Type I:

Let (Vo,{, )o) be a symplectic vector space and (Up, (, )o) be an orthogonal vector space with respective
inner product. Set V = Vy ® Uy. On V, define a bilinear form ( , ) by (v ® u, v’ ® u) = (v,v")g - (u,u)o.
This makes V' a symplectic vector space. Define the maps

j1: GL(Vp) — GL(V), ji(9)(v®u) = g(v) ® u.
Similarly, define
Jo : GL(Up) — GL(V), j2(9)(v®@u) = v ® g(u).

Now, let O(Up, ( )o) := O(U) be the group of isometries of ( , )o on Uy. Then, (j1(Sp(Vp)),72(0(0))) is a
Type I reductive dual pair in Sp(V).

Type II:
Type II is slightly more complicated to define. Let Y; and Y5 be vector spaces. Set
Y =Y1®Y, andV =YY =Y10Y)a(Y1®Y)".
Define the symplectic form (, ) on V by
((W:97),(2,27)) = 2"(y) —y"(2).
Then, define

a:GL(Y) = Sp(V,(, ), alg)y.y") = (9(v),9" " (¥"))
where g* is the usual adjoint of g, given by the formula ¢*(y*)(y) = y*(g(y)). Define injections

J1: GL(Y1) = GL(Y), j1(91)(y1 ®y2) = g1(y1) ®y2,  for all y; € i, g1 € GL(Y1),
J2 1 GL(Y2) — GL(Y), j2(92)(y1 @ y2) = y1 ® g2(y2), for all y; € Y;, g2 € GL(Y2).

Then, (a(j1(GL(Y71))), a(j2(GL(Y2)))) is a reductive dual pair of Type II in Sp(V).

For a proof that these are the only two ways irreducible dual reductive pairs arise, see [15, Proposition
6.1].

We now provide two lemmas needed to state the Howe Duality and the Local Theta Correspondence.

Lemma 4.22. If g1,g2 € Sp(W) commute, then M(g1)M(g2) = M(g2)M(g1). In other words, if two
elements of Sp(W) commute, then any two inverse images in the metaplectic group of these two elements
commaute too.

Proof. Let s € S and L be a lattice in W/ker(1 — go). If L is sufficiently large, by Lemma 4.15, we have
M(g1)M(g2)s = M(g1)ML(g2)s

- / B({w, g2w) /2)M (g1)pyp(6 0 (1 — ga)w)s duw

- / B({w, 9w} /2)pu (8 0 g1(1 — g2)w)M(gy)s dw,
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where the last equality follows from Lemma 4.16. We perform a change of variables and set w = g~ 'w’. The
Jacobian then becomes

| det (971 ‘W/ker(lfgg)) |:| det (gl |W) |71| det(gl |ker(1*gz)) ‘ .

The first term is 1 as g1 € Sp(W). Using the explicit commutant description of ga ([3, §IV.2]), one obtains
that the second term must also be 1. Since g1, go commute, we obtain

M(g1)M(ga)s = / ({w, g2))pp (6 0 (1 — g2)ew) M (gr)s duw

= My, 1.(92) M (g1)s.

If L is large enough, from Lemma 4.15, we obtain M (g2)M (g1). O

Let (G,G") be a reductive dual pair in Sp(W). Let G, G’ be the inverse image of G, G’ in the metaplectic
group Mp(W), so that these groups sit in the central extensions

0-C*—=>G—-G—=0 and 0—=C* =G — G —0.

So, there is a natural homomorphism j : G x G/ — G G c Mp(W).
For an additive character ¢, we may consider the pullback (j*(wy), S) of the Weil representation (wy,.S)
to G x G’, so we have

wwOj:éxaL»C/?"\E’%Mp(W)ﬂGL(S),

which is essentially the restriction of wy to G x G'. Furthermore, as C* < Mp(W) by ¢ — (1,t), we have

wy((1,t)) =t-idg, and so the central character on G and G’ both act on S by the identity character.

The heuristic underpinning of the Howe duality is that the Weil representation, being relatively “small,”
should admit a well-behaved decomposition into irreducibles when restricted to the subgroup G x G, formed
by mutual commutants. As there are many non-trivial extensions in the category of smooth or admissible
representations — often depending on how the character is extended — it is more natural to study suitable
quotients of (j*(wy),S), rather than submodules or direct summands. Evidently, only those irreducible

representations 7 of G (or (7) satisfying m(t) = ¢ - id, can arise in this context.
Now, let (m, V) be an irreducible admissible representation of G for which 7(z) = z - id,. Let

S(Vz) = S(m) := maximal quotient of S on which G acts as a multiple of 7

= largest quotient of S which is w-isotypic .

Let N(m) = mAGHomé(S,ﬂ') ker be the kernel of all G-equivariant maps from S to Vy. Then, S(7) = S/N (7).
We claim that S(r) is also a G’-module. Indeed, as given g € G and ¢’ € G, define A9 : § — V., A (s) =
Ag-s). Then A (g-5) = A(g' - g-s) =Ag'g-s) = gA(g' - s), ie., the action of G commutes with G’. This
makes S(7) into a G x G’-module.

From Lemma 4.7, we must have S(7) = 7 ® O () where O,(7) is unique up to isomorphism. We call
Oy () the big theta lift of m. If m does not occur as a quotient of (wy, S), then set S(7) and Oy (7) = 0. We
can now state the Howe Duality Principle.

Theorem 4.23. For any irreducible admissible representation w of é,

(1) FEither ©y(m) =0 or ©y(m) is an admissible representation of G of finite length.
(it) If ©y(m) # 0, there is a unique G'-invariant submodule @?p(ﬂ') of ©y(m) such that the quotient

Oy () = Oy (m) /Oy ()

is irreducible. The irreducible admissible representation 6y (m) ofa'v’ is uniquely determined by w. If
@w(ﬂ') = 0, set ew(ﬂ') =0.
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(i) If 0y (1) and 0y (m2) are non-zero and isomorphic, then m = .

Definition 4.24. Let o B
Howey, (G; G') = {m € Irr(G) | () # 0}

be the set of all (isomorphism classes of) irreducible admissible representations of G such that Homg(S, ) #
0. Note, this set can depend on both the dual pair (G, G’) and on the choice of ¢. The Howe Duality principle
asserts that the map m —— 6, (m) defines a bijection

Howe,, (G} G —> Howew(é’v’; G)
referred to as the local theta correspondence.

The proof of this statement is unfortunately beyond the scope of this report. The local theta corre-
spondence has many applications including being an important tool in the theory of automorphic forms —
one famous application being the construction of counterexamples to the generalized Ramanujan—Petersson
conjecture [17], others being cases of the local Langlands conjectures [9] and Gan-Gross-Prasad conjectures
[10]. However, we would like to let the reader know that despite the number theorist’s usual impatience
with C, it turns out the archimedean case is not entirely devoid of interest: Howe initially formulated his
conjecture over R and Q,. Over R, one works with Harish-Chandra modules of the unitary metaplectic
representation. The (g, K ) module of the oscillator representation of §f)(2n,R) is called the Fock module.
To see a description of the Harish-Chandra module in the Fock module, see [24, §5.]. To see a description of
the oscillator representation of the complex Heisenberg group and symplectic Lie algebras, see [1].

Over the p-adics, the Howe duality conjecture has been established completely, thanks to the works of
Waldspurger [25], Minguez [20], Gan and Takeda [10], and Gan and Sun [8]. The case for (O(p, ¢), Sp(2n,R))
has been established by Moeglin in [21]. In[2], Adams talks about reductive dual pairs in the complex case.
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